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1. CONDITIONAL EXPECTATION

Let (Q, F, P) be a probability space and suppose that A, B € F with P(B) > 0. In undergraduate probability,
we learn that the probability of A conditional on B is defined as P(A|B) = %}g?.

The idea is that if we learn that B has occurred, then the probability space must be updated to account
for this new information. In particular, the sample space becomes B, the c-algebra now includes only
those events contained in B, Fp = {EN B : E € F}, and the probability measure restricts to Fp and is
normalized to account for this change. The formula for conditional probability is thus a description of how
the probability function changes when additional information dictates that the sample space should shrink.
(P (-|B) also defines a probability on (£2, F), and it is often more convenient to adopt this perspective.)

When thinking about conditional probability, it can be instructive to take a step back and think of a second
observer with access to partial information. Here we interpret (2, F, P) as describing a random system
whose chance of being in state w € € is governed by P. F represents the possible conclusions that can be
drawn about the state of the system: All that can be said is whether it lies in A for each A € F.

Now suppose that the observer has performed a measurement that tells her if B holds for some B € F with
P(B) € (0,1). If she found out that B is true, her assessment of the probability of A € F would be P(A |B).
If she found that B is false, she would evaluate the probability of A as P(A[B ). Thus, from our point of
view, her description of the probability of A is given by the random variable

{ PAIB), weB
XA(W)_{ P(AIB), w¢ B

This is ultimately the kind of idea we are trying to capture with conditional expectation.

The typical development in elementary treatments of probability is to apply the definition of P(A|B) to

the events {X = z} and {Y = y} for discrete random variables X, Y in order to define the conditional

px.y (z,9)
Py (y)

continuous X and Y by replacing mass functions with densities (which is problematic in that it treats pdfs

mass function of X given that Y = y as px(z|Y =y) = One then extrapolates to absolutely
as probabilities and raises issues concerning conditioning on null events). Finally, conditional expectation is

defined in terms of integrating against the conditional pmfs/pdfs.

In what follows, we will need a more sophisticated theory of conditioning that avoids some of the pitfalls,
paradoxes, and limitations of the framework sketched out above. Rather than try to arrive at the proper
definition by way of more familiar concepts, we will begin with a formal definition and then work through a
variety of examples and related results in order to provide motivation, build intuition, and make connections

with ideas from elementary probability.

Definition. Let (€2, F, P) be a probability space, X : (2, F) — (R, B) a random variable with F |X| < oo,
and G C F a sub-c-algebra. We define E[X |G], the conditional expectation of X given G, to be any random
variable Y satisfying

(i) Y € G (i.e. Y is measurable with respect to G)
(ii) [, YdP = [, XdP for all A€ G

If Y satisfies (i) and (i7), we say that Y is a version of E[X |G].



Our most immediate order of business is to show that this definition makes good mathematical sense by

proving existence and uniqueness theorems.

To streamline this task, we first take a moment to establish integrability for random variables which fit the

definition so that we may manipulate various quantities of interest with impunity.
Lemma 1.1. If Y satisfies conditions (i) and (i1) in the definition of E[X |G|, then it is integrable.

Proof. Letting A ={Y >0} € G, condition (4¢) implies

/de /XdP</ IX| dP,
/ (=Y)dP = — de:_/ / dP</ IX| dP.
AC AC AC AC AC

E|Y|=/YdP+/ (—Y)dPg/ |X|dP+/ |X|dP = E|X| < co. O
A AC A AC

It follows that

Our next result makes use of a famous theorem from analysis whose proof can be found in any text on

measure theory.

Theorem 1.1 (Radon-Nikodym). If u and v are o-finite measures on (S,S) with v < u, then there is a
measurable function f : S — R such that v(A) = [, fdu for all Ae S.
f is called the Radon-Nikodym derivative of v with respect to u, written f = <~

The following existence proof gives an interpretation of conditional expectation in terms of Radon-Nikodym

derivatives.

Theorem 1.2. Let (Q, F, P) be a probability space, X : (Q, F) — (R, B) a random variable with E | X| < oo,
and G C F a sub-o-algebra. There exists a random variable Y satisfying

(1) Yeg
(ii) [,YdP = [, XdP forall Ac g

Proof. First suppose that X > 0. Define v(A) = [, XdP for A € G. Then P|; and v are finite measures on
(©,G). (That v is countably additive is an easy application of the DCT.) Moreover, v is clearly absolutely

continuous with respect to P. The Radon-Nikodym theorem therefore implies that there is a functlon Y

Such that

It follows that ¥V = —” is a version of E/ X |G].

For general X, write X = Xt — X~ andletY; = E[X1|G],Y> = E[X " |G]. Then Y =Y — Y5 is integrable
and G-measurable, so for all A € G,

/YdP:/YldP—/YQdP:/X"’dP—/X_dP:/XdP. ]
A A A A A A

* The proof of Theorem 1.2 is really a one-liner since the Radon-Nikodym theorem holds for signed measures

and p(A) = [, gdp defines a signed measure for y-integrable g.
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To conclude our discussion of the definition of conditional expectation, we record

Theorem 1.3. Y is unique up to null sets.

Proof. Suppose that Y’ is also a version of E[X |G].

/Y’dP:/XdP:/YdP
A A A
forall Aeg.

By condition (i), the event A, = {Y —Y’ > ¢} isin G for all € > 0, hence

Condition (i4) implies that

0:/ de—/ Y’dP:/ (Y —Y)dP >eP(Y =Y’ >¢).
A, A, A,

It follows that Y < Y’ a.s. Interchanging the roles of Y and Y” in the preceding argument shows that Y’ <Y

a.s. as well, and the proof is complete. O

The following observation helps elucidate the sense in which uniqueness holds.

Proposition 1.1. If Y is a version of E[X |G] and Y’ € G with Y =Y a.s., then Y’ is also a version of
E[X|g].

Proof. Since Y and Y’ are G-measurable, £ = {w : Y(w) # Y'(w)} € G. Since P(E) = 0, we see that for
any B € G,

/ XdP = / YdP = YdP + YdP = YdP
B B BNE B\E B\E

:/ Y'dP = Y'dP + Y'dP :/ Y'dP. O
B\E B\E BNE B

Lemma 1.1, Theorem 1.3, and Proposition 1.1 combine to tell us that conditional expectation is unique as an
element of L'(Q, G, P). Just as elements of LP spaces are really equivalence classes of functions (rather than
specific functions) in classical analysis, conditional expectations are equivalence classes of random variables.
Here versions play the role of specific functions.

Often we will omit the “almost sure” qualification when speaking of relations between conditional expecta-
tions, but it is important to keep this issue in mind.
In light of Proposition 1.1, we can often work with convenient versions of E[X |G] when we need to make

use of pointwise results.



Examples.

Intuitively, sub-o-algebras represent (potentially available) information — for each A € G we can ask whether
or not A has occurred. From this perspective, we can think of F[X |G] as giving the “best guess” for the
value of X given the information in G. The following examples are intended to clarify this view.

Example 1.1. If X € G, then our heuristic suggests that E[X |G] = X since if we know X, then our best
guess is X itself. This clearly satisfies the definition as X always satisfies condition (i¢) and condition (¢) is
met by assumption.

Since constants are measurable with respect to any o-algebra, taking X = ¢ shows that Elc|G] = c.

Example 1.2. At the other extreme, suppose that X is independent of G — that is, for all A € G, B € B,
{X € B} and A are independent events. In this case, G tells us nothing about X, so our best guess is E[X].
As a constant, F[X] automatically satisfies condition (¢). To see that (i) holds as well, note that for any
Aeg,
/ E[X]dP = E[X]|P(A) = E[X]E[14] = E[X14] = / XdP
A A

by independence.
In particular, ordinary expectation corresponds to conditional expectation w.r.t. G = {Q, 0}.

Example 1.3. We now expand upon our introductory example: Suppose that €21,{s,... is a countable
partition of Q into disjoint measurable sets, each having positive probability (e.g. B and BY). Let G =
a(Q1,Qa,...). We claim that E[X |G] = P(Q;) 'E[X; Q] on Q;. The interpretation is that G tells us which
Q; contains the outcome, and given that information, our best guess for X is its average over (2;.

To verify our claim, note that
E[X = — g,
X161 =30 S e )
is G-measurable since each ; belongs to G. Also, since each A € G is a countable disjoint union of the ;’s,

it suffices to check condition (i7) on the elements of the partition. But this is trivial as

P()'E[X;Q]dP = B[X;Q] = | XdP.
2 Qi

If we make the obvious definition P(A|H ) = E[14 |H], then the above says that

P(ANY)

P(QZ) on Qz

P(AIG) = P(Qi)_l/

14dP =
Q;



Example 1.4. Conditioning on a random variable can be seen as a special case of our definition by taking
E[X|Y] = E[X|o(Y)]. To see how this compares with the definition given in undergraduate probability,
suppose that X and Y are discrete with joint pmf px y and marginals px, py. Then o(Y") is generated by
the countable partition {Y = y},cRrange(v), S0 the previous example shows that if F'|X| < oo, then

EIX[Y] = P(Y =) ELX{Y = 1)) = prms D aP(X =2 =)

B xPX,Y(% y)
; zz: py(y)

on {Y =y}

Example 1.5. Similarly, suppose that X and Y are jointly absolutely continuous with joint density fx y
and marginals fy, fy. Suppose for simplicity that fy (y) > 0 for all y € R. In this case, if F|g(X)| < oo,

then E[g(X)|Y] = h(Y) where
fX Y(‘Ta y)
h(y) = /g T)————=dzx.
W) ) fr(y)
The Doob-Dynkin lemma shows that E[g(X)|Y] € o(Y). To see that the second criterion is satisfied as
well, recall that every A € o(Y) is of the form A = {Y € B} for some B € B. The change of variables
formula shows that

/{YGB} h(Y)dP:/ h(y) fy (y)dy = /lB(y) (/g(@Wdz) fy ()dy

B
- /ﬂ@b@hy@wm@=EMMwﬂﬂ=/ 4(X)dP.
{YeB}

Note that the condition fy > 0 is actually unnecessary since the above proof only needs h to satisfy

fwvﬂwz/mmhymwm,

so h can take on any value at those y with fy(y) = 0. (Since fy(y) = [ fx,v(2,y)dz and fxy > 0, the
right-hand side of the above equation will also be 0 at such y.)

Example 1.6. Suppose that X and Y are independent and ¢ satisfies E |¢p(X,Y)| < co. Then
Elp(X,Y)|X] = g(X) where g(z) = Elp(z,Y)].

As in the previous example, condition () is satisfied by Doob-Dynkin, and condition (i) can be verified by

letting 1 and v denote the distributions of X and Y, respectively, and computing

/{XEB} 9(X)dpP :/ g(z)du(z) = /].B((E) (/ @(x,y)dz/(y)) dp(z)

- /mwwwwaumwmw/hwmwxymplmmwwme



Properties.

Many of the properties of ordinary expectation carry over to conditional expectation as they are ultimately

facts about integrals:

Proposition 1.2 (Linearity). E[aX +Y |G| =aFE[X |G]+ E[Y |F]

Proof. Sums and constant multiples of G-measurable functions are G-measurable, and for any A € G
/ (aE[X|Q]+E[Y|g})dP:a/ E[X\g]dP—i—/ E[Y|G]dP
A A A

:a/XdP+/YdP:/(aX+Y)dP. O
A A A

Proposition 1.3 (Monotonicity). If X <Y, then E[X |G] < E[Y |G].

Proof. By assumption, we have

/AE[X|g]dP:/AXdP§/AYdP:/AE[Y|Q]dP

forall A€ G. Foralle >0, A, ={w: E[X|G] - E[Y|G] > e} € G, s0

EP(AE)g/ (E[X\g]—E[Y|Q])dP:/A E[X|g]dP—/A E[Y'|G]dP < 0.

Ac
It follows that E[X |G] < E[Y |G] a.s. O

Proposition 1.4 (Monotone Convergence Theorem). If X,, > 0 and X,, /* X, then E[X,, |G] /* E[X |G].

Proof. By monotonicity, 0 < E[X,, |G] < E[X,4+11G] < E[X|G] for all n. (The inequalities are almost
sure, but we can work with versions of the conditional expectations where they hold pointwise.) Since

bounded nondecreasing sequences of reals converge to their limit superior, there is a random variable Y with
E[X,|G] /Y.
Moreover, Y € G as it is the limit of G-measurable functions.

Finally, applying the ordinary MCT to E[X, |G]1s  Y1g, invoking the definition of conditional expecta-
tion, and then applying the MCT to X, 1 " X1 shows that

YdP = lim E[X |G]dP = hm /X dP = /XdP

n—oo

for all B € G, hence Y is a version of E[X |G]. O

Note that since we have established a conditional MCT, conditional versions of Fatou and dominated con-

vergence follow from the usual arguments.



The final analogue we will consider is a conditional form of Jensen’s inequality. It is fairly straightforward

to derive conditional variants of other familiar theorems using these examples as templates.

Proposition 1.5 (Jensen). If ¢ is conver and E|X|, E|o(X)| < oo, then

¢ (B[X|G]) < Elp(X) [G].

Proof. When we proved the original Jensen inequality, we established that if ¢ is convex, then for every
¢ € R, there is a linear function l.(x) = a.x + b, such that l.(c) = ¢(c) and l.(z) < ¢(z) for all z € R.

Let S = {(ar,b;)},cq- Then S is countable with az + b < ¢(x) for all x € R, (a,b) € S. Moreover, since Q

is dense in R and convex functions are continuous, we have p(z) = sup ax + b for all z € R.
(a,b)es

Monotonicity and linearity imply that
Elp(X)|G] > ElaX +b|G] = aE[X |G] + b as.
whenever (a,b) € S.
As S is countable, the event A = {E[p(X)|G] > aE[X |G] + b for all (a,b) € S} has full probability.
Thus with probability one, we have

E[SD(X)IQ]Z(SZJ)I;SCLE[X\Q]+b:<P(E[X|g])- 0

One use for conditional expectation is as an intermediary for computing ordinary expectations. This is
justified by the “law of total expectation”

Proposition 1.6. F[E[X |G]] = E[X].

Proof. Taking A = Q in the definition of E[X |G] yields

E[X}:/XdP:/E[X|g]dP:E[E[X|g]]. O
Q Q
As an example of the utility of the preceding observation, we prove

Proposition 1.7. Conditional expectation is a contraction in LP, p > 1.

Proof. Since p(x) = |x|” is convex, Proposition 1.5 implies that |E[X |G]|” < E[|X|"|G]. Taking expecta-

tions and appealing to Proposition 1.6 gives
E(IEX|GI"1 < E[E[X|G]] = E[X]"]. O

9



Proposition 1.6 is actually a special case of the “tower property” of conditional expectation.

This result is one of the more useful theorems about conditional expectation and is often summarized as

“The smaller o-algebra always wins.”

Theorem 1.4. If G; C Go, then

E[E[X[G1]1G:] = E[E[X |G]|6:] = E[X [G1].

Proof.
Since E[X |G1] € G1 C Go, Example 1.1 shows that F[E[X |G1]|G2] = E[X |G1].
To see that F [E[X |G2]|G1] = E[X |G1], we observe that E[X |G1] € G; and for any A € G; C Ga,

/EX|Q1dP /XdP /EX|g2 O

* Proposition 1.6 is the case G; = {Q,0}, Go = G.

The second criterion in our definition of conditional expectation can be expressed in more probabilistic
language as E[Y14] = E[X14] for all A € G. One sometimes sees the alternative criterion F[Y Z] = E[X Z]
for all bounded Z € G. The equivalence of the two conditions follows from the usual four-step procedure for
building general integrals from integrals of indicators. We will stick with our original definition as it is easier
to check.

The following theorem (which Durrett describes as saying that “for conditional expectation with respect to
G, random variables Y € G are like constants [in that] they can be brought outside the integral”) generalizes

this alternative definition.

Theorem 1.5. If W € G and E |X|,E|WX| < o0, then EWX |G] = WE[X |G].

Proof. WE[X |G] € G by assumption, so we need only check the second criterion.
We first suppose that W = 15 for some B € G. Then for all A € G,

/AWE[X |(_}]dP:/AlBE[X |g]dP:/ E[X |G]dP

ANB

= XdP:/ IBXdP:/WXdP.
ANB A A

By linearity, we see that the condition [, WE[X |G]dP = [, W XdP also holds when W is a simple function.
Now if W, X > 0, we can take a sequence of simple functions W,, W and use the MCT to conclude that
/ WE[X |G]dP = lim / W, E[X |G]dP
A n—oo A
= lim Wn,XdP :/ W XdP.

The general result follows by splitting W and X into positive and negative parts. ]
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Our final major result about conditional expectation gives a geometric interpretation in the case of square
integrable X. Namely, noting that L?(F) = {Y € F : E[Y?] < oo} is a Hilbert space and L?(G) is a closed
subspace of L?(F), we will show that if X € L?(F), then E[X |G] is the orthogonal projection of X onto
L?(G).

Theorem 1.6. If F[X?] < oo, then E[X |G] minimizes the mean square error E[(X — Y)?] amongst all
Y €g.

Proof. To begin, we note that if Z € L?(G), then E |ZX| < oo by the Cauchy-Schwarz inequality, so Theorem
1.5 implies
ZE[X|G]=E[ZX |G].

Taking expected values gives
E[ZEX|G]| = E[E[ZX|9]] = E[ZX],
showing that
E|Z(X -EXI|G))|=E[ZX)-FE[ZE[X|G]]=0
for Z € L*(G).
Thus for any Y € L?(G), if we set Z = E[X |G] — Y, then we have

E((X -Y)}] = E[(X - BIX|9)) + 2)°|
= B[(X - BIX |g])] +2E[2 (X - E[X [6])] + E[2?]
~ B|(X - BIX 9] + B2,
(Proposition 1.7 shows that E[X |G] € L%(G), so Z = E[X |G] — Y € L2(G) as well.)
It follows that E [(X — Y)?2] is minimized over L*(G) when E[X [G] —Y = Z = 0.
To see that E[X |G] minimizes the MSFE over L°(G), we make use of the inequality
(a+0b)? < (a+0b)*+ (a —b)* = 2a* + 2b*.

If Y € G is such that E[(X —Y)?] = oo, then it certainly doesn’t minimize the MSE since E[X |G] € L*(G)
with

E [(X — E[X|G))?] < 2B[X?) + 2B [E[X |G]?] < oo,
and if E[(X —Y)?] < oo, then

EYY =E[((Y — X)+ X)?] <2E[(X —Y)?| 4+ 2E[X?] < cc. O

In some treatments of conditional expectation, the Radon-Nikodym approach is bypassed entirely by first
defining E[X |G] for X € L*(F) in terms of projection onto L?(G), and then extending the definition to
X € L'(G) using approximating sequences of square integrable random variables. An upshot of this strategy

is that one can then prove the Radon-Nikodym theorem using martingales!

11



Regular Conditional Distributions.
Before moving on to martingales, we pause briefly to discuss regular conditional distributions/probabilities.

Recall that if (92, F, P) is a probability space, (S, S) is a measurable space, and X is an (9, S)-valued random
variable on (£, F, P), then X induces the pushforward measure P o X! on (5,S). The theory of regular

conditional distributions provides a conditional analogue of this construction.

To see how this works, suppose that G C F is a sub-c-algebra. For any set A € S, the conditional probability
of {X € A} given G is given by the conditional expectation u(w,A) = E[14(X)|G](w). As the notation
suggests, we are thinking of p as a function p: Q x § — [0, 1].

We would like to know whether u(w, -) defines a probability measure on (S, S) for P-a.e. w € Q.

Note that for every A € S, (-, A) is a.s. uniquely defined and we are free to modify u(-, A) on null sets, so
linearity and monotone convergence imply that for any particular countable disjoint collection {4,} C S,

we have

" <w7UAn> = W E[La, (X) .+ 14, (X)[6] = 3 g 4,)

for a set of w having probability 1.

The issue is that this event may depend on {A,} and we want p(w,-) to satisfy the countable additivity
condition for any collection {4, } for P-a.e. w. If there are too many different countable collections, then

the exceptional sets might pile up to give a set having positive probability, or even a non-measurable set.

To address this issue properly, we set forth a formal definition.

Definition. Let (2, F, P) be a probability space, (S,S) a measurable space, G C F a sub-c-algebra, and
X (F) — (5,S) a random variable. A map p : Q xS — [0,1] is said to be a regular conditional
distribution for X given G if

(i) For each A € S, w— p(w, A) is a version of P(X € A|G),
(i) For P-a.e. w € Q, A pu(w, A) is a probability measure on (5,S).

When (S,S) = (,F) and X (w) = w, pu is called a regular conditional probability.

One reason such objects are of interest is that if 4 is a regular conditional distribution for X given G, then
we can express conditional expectations of functions of X given G in terms of integrals against the r.c.d.
(just like the ordinary change of variables formula with distribution functions).

Theorem 1.7. Let (2, F,P), (S,S), G, and X be as in the above definition. Let v be a r.c.d. for X given
G. Then for any measurable f : (S,S) — (R, B) with E|f(X)| < oo, we have

E[f( /f w,dz) for P-a.e. w
Proof. If f = 15 for some B € S, then
E[f(X)|G](w) = E[1p(X) |G](w) = P(X € B|G)(w)
:,u(w,B):/ (w, dz) /f 1w, d)

where the third equality (which is a.s.) is condition (i) in the definition of .
12



By linearity, the result holds for simple functions; by monotone convergence it holds for nonnegative functions;
and by consideration of positive and negative parts, it holds for integrable functions.

(In each of these three steps, there are only countably many null sets that need to be discarded.) O

Of course, for all of this to be worthwhile, it is necessary that r.c.d.s actually exist. Naively, one would just
take a version Y4 of P(X € A|G) for each A € S and set p(w,A) = Ya(w). If F is finite this is not a
problem as one can just modify each Y4 on a null set so that everything works out. But if F is infinite,
then there are uncountably many Y4’s and the set {w : there is some {A,} with Y{; 4, (w)#>_, Ya,(w)}
may have positive probability or not even lie in F no matter how the Y4’s are chosen. One can construct

examples where r.c.d.s fail to exist for essentially this reason.

However, the following theorem shows that if X takes values in a “nice” space (e.g. a complete and separable

metric space), then it has a r.c.d. given any sub-o-algebra.

Theorem 1.8. If (2, F, P) is a probability space, G C F is a sub-o-algebra, (S,S) is a nice space, and X
is a (S, S)-valued random variable on (2, F, P), then X has a r.c.d. given G.

Proof. By definition, there is a bijection ¢ : (S,S) — (R, B) with ¢ and ¢~! measurable.

Using monotonicity and throwing out a countable collection of null sets, we see that there is a set Qy € F
with P(Qg) = 1 and a family of random variables w — G(w, q), ¢ € Q, such that w — G(w, ¢) is a version of
P(o(X) < ¢ql|G) with g — G(w, q) is nondecreasing for all w € Q.

As in the proof of Helly’s selection theorem, if we define F(w,z) = inf{G(w,q) : ¢ > z}, then F(w,-) is a
distribution function for all w € €.

* x — F(w, ) is nondecreasing since for any x < y, there is a rational = < r < y so, since G(w,r) < G(w, s)
for r < s,

F(w,z) =inf{G(w,q) : ¢ > 2} < G(w,r) < inf{G(w,q) : ¢ > y} = F(w,y);
x +— F(w,x) is right continuous since for any = € R, € > 0, there is a rational ¢ > = with G(w, ¢) < F(w, z)+¢
and thus for any z < y < ¢,

Fw,y) < G(w,q) < F(w,x) + ¢

and z — F(w,z) satisfies the appropriate boundary conditions since it is nondecreasing with supremum 1
and infimum 0 by virtue of ¢ — G(w, ¢) satisfying these boundary conditions.
(G(w,-) has the appropriate limits since 0 < G(w,q) < 1 and [ G(w,q)dP(w) = [1{p(X) < ¢} dP which
goes to 0 or 1 as g goes to Foo by monotone convergence.)
Thus each w € Qg gives rise to a unique measure v(w, -) having distribution function F(w, z) = v (w, (=00, 2]).
Also, monotone convergence shows that w — F(w, ) is a version of P(p(X) < z|G) for every x € R. As one
readily checks that £ ={B € B: v(w,B) = P(p(X) € B|G)} a A-system, it follows from the 7-\ theorem
(with P = {(—o0, 7] : x € R}) that v(w, B) is a version of P(p(X) € BIG).

To extract the r.c.d. in question, note that for any A € S, {X € A} = {p(X) € ¢(A)}, so we can take
ww, A) = v (w, p(A4)). O
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2. MARTINGALES

With conditional expectation formally defined and its most important properties established, we are ready
to tackle the topic of discrete time martingales.

Recall that a filtration is an increasing sequence of sub-c-algebras F; C F» C ---. (Really, the term “net”
is more appropriate than “sequence” since often one would like to consider uncountable index sets such as

[0, 77, but we are working in discrete time at the moment so the distinction is not important.)

We say that a collection of random variables {X,,}22, is adapted to the filtration {F,,}>2, if X,, € F, for
all n e N.

Note that {X,, }en is always adapted to the filtration defined by F,, = o(X1, ..., X;,). Indeed, if {X,, },en is
adapted to {Gy, }nen, then necessarily G, 2 o(X71, ..., X)) .

Definition 2.1. We say that a sequence {X, }nen is a martingale with respect to the filtration {F, }nen if
for all n € N

(i) E|X,| < o0
(i) X, e F,

If condition (4i7) is replaced with E [X,, 41 |Fn] > X, then we say that {X,,} is a submartingale.

If (4i7) reads E [X,41 |Fn] < X, then we say that {X,,} is a supermartingale.

Note that, by definition, {X,,} is a martingale if and only if it is both a submartingale and a supermartingale.
Also, by linearity, if {X,,} is a submartingale, then {—X,,} is a supermartingale (and symmetrically).
Thus when one proves a theorem involving submartingales, say, there are immediate corollaries for martin-

gales and supermartingales.

The standard picture of a smartingale (the collective term for ordinary, sub-, and super- martingales) is in
terms of one’s fortune after repeated bets (which need not be identical) on a game of unchanging odds.

A fair game corresponds to a martingale. If the odds are in the player’s favor, then it corresponds to a
submartingale. If the odds are against the player, one has a supermartingale. (If the odds are always
for/against, then one still gets a sub/super-martingale even if they vary game to game.)

Example 2.1. We have already studied one martingale in some detail - simple random walk in one dimension.
Specifically, let &1,£&,... be i.i.d. with P(&§ = 1) = P(& = —1) = %, and let X,, = Y i | &. As will be
our convention henceforth, when no filtration is specified, we will take {F,} to be the natural filtration
Fn = o(Xq,...,X,,) so that condition (i7) is automatically satisfied. The first condition is also satisfied in

this case since |X,| < n. To see that this does indeed define a martingale, we compute
E[Xn+1 |‘7'—n] = E[Xn +§n+1 |-7:n] = E[Xn |-7:n] JrE[En-&-l ‘}—n] =X, +E[5n+1] =X,

where we used linearity of conditional expectation, X,, € F,, and &, independent of F,,.
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Example 2.2. More generally, if X,, =Y " | & where the ,’s are independent, then an identical argument
shows that {X,} is a martingale if F[{,] = 0 for all n; a submartingale if E[¢,] > 0 for all n; and a
supermartingale if F[¢,] < 0 for all n.

Example 2.3. By linearity, if {Xy(ll)}, e {X,(J”)} are martingales (w.r.t. a common filtration {F,}) and
g, A1, ..., 0y, € R, then the sequence defined by X,, = ag + Z:f;l aiX,(f) is a martingale. If oy, ..., >0
and {Xfll)}7 - {Xflm)} are sub/super-martingales, then so is {X,,}.

Example 2.4. Let X be an integrable random variable on a filtered probability space (Q, F,{F,}, P).
Define X,, = E[X |F,,]. We have

E|Xn| = E|EX|F,]| < E[E[|X]|F.]] = E|X] < o0
by Jensen’s inequality and the law of total expectation;
X, =E[X|F,] e F,
by definition of conditional expectation; and
EXp+1|Fn] = EE[X |Fros1]|Fn]l = EIX | Fo] = X,

by the tower property.
The interpretation is that X;, X, ... represent increasingly better estimates of X as more information is
revealed.

Example 2.5. Let X1, X, ... be i.i.d. with P(X; = 0) = 3, P(X; = 2) = 1. Define M,, = [[_, X;. Then
{M,} is a martingale with respect to F,, = 0(X1, ..., X;,) since E[M,,41 |F,,] = £(0- M,) + £(2- M,,) = M,,.
Here we can think of M, as representing the fortune of a gambler going “double or nothing” in a fair game

with an initial bet (at time 0) of 1 unit.

The same argument shows if X7, X, ... are independent, bounded, and nonnegative, then M, = [[I", X;
defines a martingale provided that all multiplicands have mean 1.
When they all have mean at least 1 (respectively, at most 1), M, is a submartingale (respectively, super-

martingale).

Example 2.6. The name martingale derives from a class of betting systems, the prototype of which is the
following: In a fair game with an initial bet of $1, double your bet after each loss and quit after your first

win.
Mathematically, suppose that &3, s, ... are ii.d. with P(§ =1) = P(§ =-1) = % and define M,, recursively
by MO = 0,

Mosr = 1, M, =1
mHh My, + 27041, else

Then {M,} is adapted to Fy = {0,Q}, F,, = 0(&1, ..., &n) by an induction argument, and is integrable since

|M,,| < 2m.
15



It is thus a martingale since
E[Mn+1 |]:n] =K [1 {Mn = 1} +1 {Mn 7é 1} (Mn + 2n§n+1) |]:n]
=1{M, =1} +1{M, # 1} (M,, + 2" E[§s41 | Fn])
= 1{M,y = 1} + 1{My # 1} (M, + 2" E[6n11])
=1{M, =1} M, + 1 {M,, # 1} M,, = M,,.

Because you will eventually win with probability one and
n—1
2" -y 2l =" — (2" - 1) =1,
i=0

it seems that this strategy guarantees that you will come out ahead even though the game is fair.
Moreover, if 0 < P(§ = 1) < P(§; = —1), then the same analysis shows that {M,} is a supermartingale,
but you will still eventually come out ahead.

The catch is that this trick only works if you have an infinite line of credit and are allowed unlimited plays
and arbitrarily large wagers. We will see later that if such stipulations are missing, then there is no system

that will turn the odds of an unfair game in your favor.

* (Sub/Super)Harmonic Functions.

From the gambler’s perspective, the definitions of sub- and super- martingales seem to be backwards (though
the names are apt from the house’s point of view). In fact, the nomenclature has nothing to do with choosing

sides in this metaphor but rather arises from connections with potential theory.
Recall that if U is a domain (open connected set) in R™ then a continuous function h : U — R is said to be

harmonic on U if it satisfies Laplace’s equation Ah =0 on U.

An important fact about harmonic functions is
Theorem 2.1 (Mean Value Formulas). h € C?(U) is harmonic if and only if for every ball B(z,r) C U,

1 1
1B, )] /5. ")y = BT /8 s h(y)dS(y)

where |B(x,r)| = r"a(n) is the volume of the ball B(z,r) and o (0B(z,r)) = na(n)r" ' is the surface mea-

sure of the sphere OB(x,r); a(n) = |B(0,1)] = F(Zil)

h(z) =

Proof. Suppose that h is harmonic on U D B(x,r) and set

1 1
o(r) = W /aB(%T) h(y)dS(y) = () /613(0,1) h(z +rz)dS(2)

Differentiating and appealing to the divergence theorem gives

1 / 1 Yy—
_ th—l—?“z-zdS’z:i/ Vh(y) - dS(y
na) Josony E T 2 A = T Sy ) T 48 W)

1 1
= T gy ¥ OO = i [ S0 =
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Since ¢(r) is constant, we have

. 1 e
¢(r) = lim na(n)r 1 /83(3:,7«) h(y)dS(y) = h(z).

r—0 NQ

Radial integration gives

/B - h(y)dy = /O ' ( /8 . hdS) dr = /0 T¢(x>na(n)s”*1ds = ¢(x)a(n)r".

For the converse, suppose that Ak # 0 on U. The there is some ball B(z,r) C U with, say, Ah > 0 on
B(x,r). Taking ¢ as above yields the contradiction

1

In other words, h is harmonic if and only if at each point in U, h is equal to its average over any ball in U

centered at that point and also to its average over any sphere centered at that point.

A function f: U — R is called subharmonic if it is upper semicontinuous (limsup,_,, f(z) < f(xo) for all

zo € U) and for each closed ball B(x,r) C U and each harmonic function h defined on a neighborhood of

B(z,r) for which f < h on dB(z,r), one has f < h on B(x,r).

* Note that the only harmonic functions in one dimension are linear functions, so subharmonic is the same

as convex when n = 1.

The analogue of Theorem 2.1 for subharmonic functions is

Theorem 2.2. An upper semicontinuous function f is subharmonic on a domain U C R™ if and only if

1

[B@, )] S5 F(y)dS(y)

f(y)dy, .

1
flz) < 7 (0B(z,1)) /aw,r)

for every ball B(xz,7) CU.

Proof sketch. If f is subharmonic, then it is u.s.c., so there is a sequence of continuous functions f, \, f.
For any B(x,r) C U, let h,, be the harmonic function on B(x,r) with h,(z) = f,(z) on dB(z,r). (It is
known that the Dirichlet problem for the Laplace equation on a ball with continuous boundary values has a

classical solution). The mean value formula for harmonic functions and f < f,, = h,, on dB(z,r) gives

1 1
f@) <) = e [ hasw) = sppes [ Lwdse)
g (aB("B? ’I”)) OB(z,r) g (83(95, T)) OB (z,r)
for all n, and the result follows from the MCT since upper semicontinuous functions attain their maximum
on compact sets and thus the f,, can be taken to be bounded from above. Radial integration takes care of

the integral over B(x,r).

Conversely, suppose that f satisfies the given inequality and there is 2y € B(z,r) C U and some harmonic
function h with f < h on 0B(z,r) and f(xo) > h(xo). Without loss, we can assume that xo maximizes f —h
on B(z,r).
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By assumption, we have

1
f(@o) = h(wo) < 75— f(y) = h(y)dy
|B(LE0,S) B(zo,s)
for sufficiently small s, so maximality implies that f(y)—h(y) = f(xo)—h(zo) for a.e. y in some neighborhood
of xg. A connectivity argument shows that f(y) — h(y) = f(xo) — h(xg) > 0 a.e. on B(z,r), contradicting

f<hondB(z,r) (as f —h is u.s.c.). U

A function g is superharmonic if and only if —g is subharmonic, so one has analogous mean value inequalities

for superharmonic functions.

Roughly, one thinks of martingales as corresponding to harmonic functions while submartingales (respec-
tively, supermartingales) correspond to subharmonic (respectively, superharmonic) functions. For example,
if f is subharmonic, then the value of f at x is at most the average of f over a neighborhood of x, which is
sort of similar to X,, < E[X,41 | Fn]-

A concrete example of the correspondence between potential theory and martingales is that if {B;};>0 is a
Brownian motion in R™ (which is a continuous-time martingale w.r.t. F; = o(B;s : s < t) in the sense that
By € LY(F;) and E[B; |Fs] = B; for 0 < s < t), then under certain integrability assumptions, Y; = h(B;) is

a martingale (respectively, sub/super-martingale) if i is harmonic (respectively, sub/super-harmonic).

A more accessible connection is given by the following proposition

Proposition 2.1. Suppose f is continuous and subharmonic on R%. Let &1,&, ... be i.i.d. uniform on
B(0,1), and define S, =z + Y ;- & for some x € R?. Then {f(S,)} is a submartingale.

Proof. The implicit filtration is F,, = o(&1, -..,&n) D Sh, S0, since continuous functions are measurable, f(.S,,)

is adapted to F,. Also, since S,, € B(z,n) C B(z,n) by construction and continuous functions are bounded

on compact sets, E|f(Sy)| < oo. Finally, by the mean value inequality for subharmonic functions,

E(f(Sne1) 1Fa] = E[f(Sn + ner) |1 Fu] = m /B o Sy = 55

ny

Here we are using the fact that if X € G and Y is independent of G, then E[p(X,Y)|G] = h(X) where
h(z) = Elp(z,Y)]. 0

First Results.

An easy but extremely important fact is that the martingale property is not limited to a single time step.
Theorem 2.3. If {X,} is a submartingale, then for any n > m, E[X,, |Fn]| > Xp,.

Proof. When n = m+ 1, the result follows from the definition of a submartingale, so we may assume for the
purposes of an induction argument that E[X,, ¢ |Fm] = X,n. Then the tower property and monotonicity
give

E [Xm—&-k-&-l ‘]:m] =FE [E[Xm-i-k-i-l |-7:m+k] |-7:m] > FE [Xm+k |-7:m] > X U
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Corollary 2.1. If {X,,} is a supermartingale, then E [X, |Fmn] < X for any n > m, and if {X,,} is a
martingale, then E[X,, |F,.] = X, for any n > m.

Proof. The first claim follows from Theorem 2.3 by noting that {—X,,} is a submartingale, and the second

then follows since a martingale is both a submartingale and a supermartingale. |

The line of reasoning used in Corollary 2.1 applies to many of our subsequent results, so to avoid redundancy
we will often just state a theorem for submartingales or supermartingales with the corresponding statements

for the other cases taken as implicit.

Corollary 2.2. If {X,,} is a submartingale, then FE[X,] > E[X,,] for any n > m, and analogously for

supermartingales and martingales.

Proof. Proposition 1.6, Theorem 2.3, and monotonicity imply

Keeping in mind that convex functions of one variable are subharmonic, the following results provide another

connection between smartingales and potential theory.

Theorem 2.4. If {X,,} is a martingale w.r.t. {F,} and ¢ : R = R is a convex function with E |p(X,,)| < oo
for all n, then {o(X,)} is a submartingale w.r.t. {F,}.

Proof. ©(X,,) € L*(F,) by assumption and Jensen’s inequality implies
Elp(Xnt+1) |Fn] 2 @ (B [Xnt1 [Fn]) = 0(Xy)

since {X,,} is a martingale. O

Corollary 2.3. Let p > 1 and suppose that {X,,} is a martingale such that E[|X,|"] < co for all n. Then

{IX,["} is a submartingale.

Proof. f(z) = |z|" is convex. O

Theorem 2.5. If {X,} is a submartingale w.r.t. {F,} and ¢ is a nondecreasing convex function with
E|p(X,)] < oo for all n, then {o(X,,)} is a submartingale w.r.t. {F,}.

Proof. By Jensen’s inequality and the assumptions,

Efp(Xnt1) [Fn] 2 @ (E[Xny1 [Fn]) = 0(Xn). O
Corollary 2.4. If {X,} is a submartingale, then {(X, —a)%} is a submartingale. If {X,} is a super-
martingale, then {X,, A a} is a supermartingale.

Proof. f(xz) =x Vb is convex and nondecreasing, and — [(—z) V (—a)] =z A a. O
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In order to further develop the basic notions of martingale theory, we introduce the following definitions:

Definition. Given a filtration {F,}%2,, we say that a sequence {H,}52, is predictable (or previsible) if
H, € F,,_; for all n € N. That is, the value of H,, is determined by the information available at time n — 1.

Definition. If {X,,}>? , is a smartingale and {H,,}>2, is predictable w.r.t. F,, = o(Xy,..., X,,), the process

(H-X)o =0,
(H-X)p=> Hp(Xm—Xm1), n>1
m=1

is called the martingale transform of H, with respect to X,,.

Note that the martingale transform is defined like a Riemann sum for the “integral” of H with respect to X.

With a bit of care, this analogy can be extended to develop a general theory of stochastic integration.

We typically think of {H,} as a gambling strategy: If X, represents the gambler’s fortune at time n if the
stakes were $1 per game and H,, represents the amount wagered on the n*® game (which can be based on
the outcomes of the first n — 1 games, but not on the outcome of game n), then (H - X),, is the gambler’s

fortune at time n when they bet according {H,}.

As an example, take X, = " (& where § = 0 and &;,&, ... are i.id. with P(§ = 1) = p € (0,1),
1, gn—l =

P =-1)=1—p,andset H; =1, H, =
2Hn—1a gn—l = -1

for n > 2.

This corresponds to our example of the martingale betting system, except that instead of quitting after a
win and walking away with one dollar, the process just starts over. Every win recovers the amount from the
last losing streak and one additional dollar to boot, so the gambler has a profit of $k after the £*" win.

As the second Borel-Cantelli lemma ensures infinitely many wins with probability one, the gambler can

eventually amass an arbitrarily large fortune no matter how much the odds are stacked against them.

However, the above reasoning is predicated on unrealistic assumptions such as infinite credit and no table

limits. The ensuing results show that in practice there is no system for beating an unfavorable game.

Theorem 2.6. Suppose that {X,}52 is a supermartingale. If H,, > 0 is predictable and each H, is bounded,
then (H - X),, defines a supermartingale.

Proof. (H-X),, is integrable since H is bounded and the X,,’s are integrable, and it is adapted by construc-
tion. To see that it defines a supermartingale, we compute
E [(H . X)n+1 ‘Fn} =E [(H ’ X)n + Hn-i-l(Xn-'rl - Xn) |-7:n]
=E [(H ’ X)n |-7:n] +E [Hn+1(Xn+1 - Xn) |-7:n]
=H X)p+Hy1 B[ Xpp1 — Xn | Fu] < (H-X),

where we used Hyy1, (H - X), € Fn, Hy, >0, and F [X,,41 — X, [ Fn] < 0. O
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Of course, the argument in Theorem 2.6 also applies to submartingales and to martingales (without the

H,, > 0 restriction in the latter case).

An important example of a predictable sequence is given by H,, = 1{N > n} where N is a stopping time.
The terminology is quite apt as the strategy is “stop gambling at time N.”

It is worth observing that (H - X) is linear in H (and in X for that matter), so one can construct very general

betting systems using stopping times.

Note that if {X,,} is a supermartingale and H,, = 1{N > n}, then Theorem 2.6 shows that

(HX)n: i 1{N2m}(Xm_mel):XN/\n_XO

m=1
is a supermartingale.

Since the constant sequence Y, = Xj is also a supermartingale and the sum of two supermartingales is a

supermartingale, we have

Corollary 2.5. If N is a stopping time and {X,,} is a supermartingale, then {X nan} is a supermartingale,

and similarly for submartingales and martingales.

Corollary 2.5 gives us our first “optional stopping theorem,” which explains why the martingale system

doesn’t work if we can’t play forever.

Theorem 2.7. If {X,}5°, is a supermartingale and N is a stopping time with N < m a.s. for somem € N,
then E[Xy] < E[Xy].

Proof. Under the above assumptions,

EIXN] = E[XNnam] < E[Xo]. 0

Now suppose that X,,, n > 0 is a submartingale. Fix a,b € R with a < b and define the sequence
NO,N17N2’ by NO = —1 and for k Z 1,
Nop_1 = inf{m > Nop_o: X, < a}
Nop = inf{m > Nop_1: Xy > b}

The N}s are stopping times and {Nagx—1 <m < Nap} = {Nogp—1 <m — 1} N {Ng, <m — 1}¢ € Fru,
s0 Hy, = 1{Na;_1 < m < Ny for some k > 1} defines a predictable sequence.

By construction, Xn,,_, < a and Xn,, > b, so in the time interval [Nog_1, Nax|, Xy, crosses from below a

to above b.
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{H}5_, is a gambling strategy which tries to take advantage of these “upcrossings”:

It turns on after X,, dips below a and turns off once X, rises above b. As the sum defining (H - X),,
telescopes in between these times, the contribution from an upcrossing starting at time Noi_; and ending

at time Nzk is XNzk — XN%,l Z b—a.

In stock market terms, this is like buying a share once its price is less than a and selling once it’s greater
than b.

Letting U,, = sup{k : Na;, < n} denote the number of upcrossings completed by time n and

Vi, =sup{j : Naj—1 < n} the number of upcrossings begun before time n, we see that

(H-X)n = Un(b—a) + 1{U, < Vo } (X0 — Xnpy, ) -

The following lemma extends this observation to bound the expected number of upcrossings by time n.

Lemma 2.1 (Upcrossing Inequality). If {X,,}>_, is a submartingale, then

(b—a)BlU,) < E[(Xn—a)t] - E[(Xo—a)t].

Proof. Since p(x) = x V a is convex and nondecreasing, Y,,, = X,, V a is a submartingale.

Also, Y,, = a when X,,, < a and Y,,, = X, when X,,, > a, so Y,, upcrosses [a,b] the same number of times
X,, does.

Moreover, Y,, > a = Yy,,, _, implies
(H-Y)y 2 Un(b—a)+ 1{Up < Vi } (Yo =Ygy ) = Un(b—a).

Setting K,,, = 1 — H,,, we have that {K,,} is nonnegative, bounded, and predictable, so Corollary 2.2 and
the submartingale form of Theorem 2.6 yield

El(K - Y)a] = E[(K - Y)o] = 0.
Putting these facts together gives
(b - a)E[Un] <FE [(H : Y)n] =F [(1 ) Y)n - (K ’ Y)n]
=E[(Xp,—a)T+a| —E[(Xo—a)" +a]. O

The primary utility of the upcrossing inequality is to facilitate the proof of the pointwise martingale conver-
gence theorem, which shows that smartingales behave like monotone sequences of real numbers in that they

converge if appropriately bounded.

Essentially, the idea is to show that there is a set of full measure on which X,, upcrosses any interval [a, ]

with a,b € Q only finitely many times. This allows us to conclude that X, has an almost sure limit.

Theorem 2.8 (Martingale Convergence). If {X,} is a submartingale with sup,, E[X;'] < oo, then there is

an integrable random variable X such that X,, = X a.s. as n — oco.
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Proof.

For any a,b € Q with a < b, let U,, be the number of upcrossings of [a, b] by time n, and let U = lim,, o, U,
be the number of upcrossings of the whole sequence. (U is a well-defined random variable because U, is
increasing.) Set M = sup,, E[X,I] < oco.

Since E[(Xo —a)™] > 0 and F[(X,, —a)T] < F[X;F]+ |a] < M + |a|, Lemma 2.1 implies that

BV < - (B[(X, — a)] ~ B[ - a)]) < M

for all n, so the monotone convergence theorem gives

EU] = 1im E[U,] < E1dl

< 00,
n— 00 b—a

and thus U < oo a.s.

As the above holds for any [a,b] with a,b € Q, and the set of intervals with rational endpoints is countable,
the event

U {liminf, X,, < a < b < limsup,, X,,}
a,beQ
has probability 0, hence lim sup,, X,, = liminf,, X, a.s.

Letting X denote this common value, Fatou’s lemma shows that E[X*] < liminf, E[X,’] < oo, so X < 00
a.s. To see that X > —co a.s., we observe that since {X,,} is a submartingale,

EIX,| = E[X,]] - E[X,] < E[X,]] - E[X0],
so another application of Fatou’s lemma gives

E[X7] <liminf E[X,,] < liminf E[X,[] — E[X,] < c0.

Thus X, has a limit X € R with F|X| = E[XT]+ E[X ] < cc. O

An immediate corollary is
Corollary 2.6. If X,, > 0 is a supermartingale, then as n — oo, X;, = X a.s. and F[X]| < E[X,].

Proof. Y, = —X,, is a submartingale with E[Y,F] = 0, so it follows from Theorem 2.8 that Y, Y = —X

a.s. The inequality follows from Fatou’s lemma and the supermartingale property:

E[X] < liminf E[X,)] < E[X0]. O

Of course, by considering X,, + K, one may replace non-negative with bounded from below in the preceding.

It is worth observing that the assumptions in Theorem 2.8 do not guarantee convergence in L.

Example 2.7. Let Sy = 1, and for n > 1, S, = S,,_1 + &, where &,&s, ... are i.id. with P(§ = 1) =
P(¢ = —1) = 1. That is, S,, is a simple random walk started at 1. Let N = inf{n : S, = 0} be the hitting
time of 0, and let X,, = S,an be the walk stopped at 0. Then X, is a nonnegative martingale, so Corollary
2.6 implies that it has an almost sure limit X. Clearly, we must have X = 0 a.s. since if X,, = k > 0, then
| X,, — X,i1]| = 1. However, E[X,,] = E[X,] = 1 for all n, so we can’t have X,, — X in L.
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We will provide criteria for convergence in LP before long, but before doing so we have one more general
result to discuss, and then we will take some time to consider some examples in detail in order to better

understand the utility of martingale convergence.

The following decomposition result is due to Doob (like essentially everything else in the classical theory
of martingales) and can be useful for reducing questions about sub/super-martingales to questions about

martingales.

Theorem 2.9 (Doob Decomposition). Any submartingale {X,}22, can be written in a unique way as

X, = M, + A, where M, is a martingale and A,, is a predictable increasing sequence with Ay = 0.
Proof. If X,, = M,, + A,, with E[M,, |Fp—1] = M,,—1 and A,, € F,,_1, we must have

E[Xo |Fn1] = E[My |[Foa] + E[An |F,, ]
=Mp 1+ A, =Xp1—An1 + Ap.
The recursion
Ay =0,
A, — A1 =E[X, | Fn1] — Xn1
uniquely defines A,, and thus M,, = X,, — A4,,.

It remains to establish existence by checking that A, and M,, as defined above satisfy the assumptions.

To check that A, is indeed increasing and predictable, we note that A, — A,,_1 = E[X,, |Fn-1] — Xn-1 >0
since X, is a submartingale, and A,, = E[X,, |F—1] — Xn—1 + 4n—1 € Fn—1 by induction.
Finally, rewriting the recursion for A, as E[X,, |Fn-1] — An, = Xy—1 — A,—1, we see that

E[Mn ‘]:n—l] = E[Xn - An |~Fn—1] = E[Xn ‘]:n—l] _An = An—-1 _An—l = Mn7

so M, is a martingale. ]

The inspiration for the theorem is quite clear:

n

=> (B[Xx|Fra] = Xi1)
k=1

is the running sum of the amount by which E[X,, |F,—1] overshoots X,,_1, and once these “drift terms” have

been subtracted off, the remainder

M, =Xo+ > (Xi — E[X | Fi-1])
k=1

is a martingale.
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3. APPLICATIONS

Bounded Increments.

Our first application of the martingale convergence theorem involves a generalization of the second Borel-

Cantelli lemma.

This will follow from a more general result concerning martingales with bounded increments:

They either converge or oscillate between +oo.

Theorem 3.1. Suppose {X,,} is a martingale such that sup,, | X,11 — Xp| < M for some M € R. Writing
C= { lim X,, exists in R}7
n—o0
D= {limsuan = oo} N {limiann = —oo},

n—00 n—0o0

we have P (C'U D) = 1.

Proof. Since X,, — X is a martingale, we may assume without loss of generality that X, = 0.

For any 0 < K < oo, set N =inf {n: X,, < —K}. Then X, A is a martingale with X,y > —K — M a.s.,
so applying Corollary 2.6 to X,an + K + M shows that X,, has a finite limit on (almost all of) {N = oco}.

Letting K — oo shows that lim,,_, ., X, exists a.s. on {liminf, . X,, > —oc0}.
Applying the foregoing to —X,, shows that lim,_,., X,, exists a.s. on {limsup,, ,. X, < oco}.

Thus, up to a null set, C = Q\ D. |

Corollary 3.1. Let {F,}52, be a filtration with Fo = {0,Q}, and let Ay, As, ... be events with A, € F,.
Then (up to a null set)

{A, i0} = { > P(An | Fuoa) = oo}.
n=1
Proof. Set Xo=0and X,, =>" _, (1a,, — P(Ay, |Fim—1)) for n > 1. Then

E[Xn+1 |]:n] =F [Xn + 1An+1 - P(An—H |]:n) |]:n]
= Xn+ E1a,, [Fn]) = P(Ani1 [Fn) = X,

n+1

so X, is a martingale with |X,,11 — X,,| = ‘1,4 —P(An+1 \]—'n)’ <1

On C = {lim,,—, o X, exists and is finite}, we must have

o) o0
> 1a, =ocifand only if » P (Ay[Fuo1) =00,

n=1 n=1
and the same is true on D = {limsup,, X,, = oo and liminf, X, = —oo}.
This proves the result since P (C'U D) = 1 by Theorem 3.1. O
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* Polya’s Urn.

Suppose that an urn initially contains r red balls and g green balls. At each time step we remove a ball at

random, observe its color, and then replace it along with ¢ other balls of the same color for some integer c.

Negative values of ¢ correspond to removing balls, and in this case it is generally necessary to stop the

process once further removals become impossible.

Note that ¢ = —1 corresponds to sampling without replacement and ¢ = 0 corresponds to sampling with

replacement.

For positive values of ¢, each time a color is sampled increases the probability that it will be sampled in the
future. Such self-reinforcing behavior is sometimes described by the phrase “the rich get richer.” (Of course,
the opposite holds when ¢ is negative.)

We will assume henceforth that ¢ > 0 so that the process can be continued indefinitely and so we can divide

by ¢ when convenient.

To make the foregoing rigorous, let &, = 1{green ball drawn at time n}. The first observation is that the

sequence &1, &a, ..., though certainly not independent, is exchangeable - for any n € N, o € S,,, (&1,...,&n) =4
(€o(1)s - Ea(n))-
To gain intuition, we compute P (§; = 1,6, =0,3=0) = P (£, =0,& =1,&5 =0):

Using elementary conditional probability, the left-hand side is (ﬁ) (ﬁ) (%) and the right-hand

side is | = g r+c_ )  The successive denominators are constant and the numerator are just
r+g r+g+c r+g+2c

permuted.

More generally,

P(§1 = 1)"'a§m = 1>§m+1 :07-~-7§n :0)
_( g )( g+ (m—1)c )( T )H.(r—!—(n—m—l)c)
S \g+r g+r+(m—1)c/) \g+r+mec g+r+mn—1c)/)’

which is the same as P (&§; = 15(1),...,&, = 1g(n)) for any other S C [n] with |S| =m

Now let X,, = >_" | &, be the number of green balls drawn at time n. The preceding discussion shows that
for any 0 < m < n, P(X,, =m) = (') pn,m where

m—1 n—m-—
H g +ic) H (r+jc)
pn,m:P(gl :17~~7£m:17£m+1 :0,,€n:0): = n—1 =0
H(g+r+kc)
k=0
m—1 n—m-—1
2 4 ¢ TJ)  rEm)r(E+n—m)
_g( ) T:[O ( )_ ) _T(E+mT(E+n-—m) (%7
S EECED R G p OO

[T (= +k) (=)



Consequently, we have

oba) | GFaD (S0 (1 )™ ety et
T(@+b) om(z +b— 1) (zte=1)™H7 (g oy T Re ~ e I
SO
_ L(%)  ay i D(EF) my 1 my et
PP =) = e T = g () (-0)
and thus

as m,n — oo with 7+ — .
It follows that for any 0 < x < 1,

P()in Sx) = P(Xy < nw) = P(Xn = 0) + P(Xp = 1) + ... + P (X, = [n2])

lnz]4+1

n

- | WJH( —liy= [ nP(X = I

+ Q
—>/ IC“ 1 —w)etdu
as n — oo.

g+cXy

X,
This shows that — = Beta (g i), which implies that the fraction of green balls at time n, Y,, = ———
n c c g+r—+cn

satisfies

X
Yn:"( o )+ g :Beta(g,f).
n r+g+cn g+r+cn c' c

The martingale convergence theorem allows us to strengthen this conclusion to almost sure convergence:

If we can show that Y;, > 0 is a martingale, then it will follow from Corollary 2.6 that it has an almost sure

limit Y, which necessarily has the Beta (%, 72) distribution by the previous argument.

The obvious filtration in this case is F,, = 0(&1,...,&,). Y, is adapted by the Doob-Dynkin Lemma and is
integrable since 0 <Y, <1, so it remains only to show that E[Y, 1 |F,] = Ya.

To see that this is so, we observe that on {Yn —_In },
gn +7Tn
+c T
gn(gn +c+m) g

=Y,.

- (gn+rn+c)(gn+rn) B gn +7n

27



Branching Processes.
Let {€]'}; nen be an array of i.i.d. Ny-valued random variables. Define the sequence Zy, Z1, ... by Zp = 1 and

P PG Zu>0
n 0, Zn =0

Z, is called a Galton-Watson process, and the interpretation is that Z, gives the population size of the nt"
generation where each individual gives birth to an identically distributed number of offspring and then dies.
pr = P(&r = k) is called the offspring distribution.

One can come up with many natural variants on this problem by changing assumptions such asi.i.d. offspring
variables or one generation life-spans, but we will content ourselves with the simplest case here.

Our ultimate goal is to show that the mean of the offspring distribution determines whether or not the
population is doomed to extinction. Specifically, if the population is to have a chance of surviving indefinitely,

then the number of births must exceed the number of deaths on average.
In order to prove this unsurprising yet nontrivial claim, we first establish

Z

Lemma 3.1. Let F, =o(¢M:i> 1,1 <m <n) and p = E[¢?] € (0,00). Then M,, := = is a martingale
un

with respect to F,.

Proof. M, is adapted by construction and integrable by an induction argument using the ensuing computa-

tion. Linearity, monotone convergence, and the definition of F,, imply

ElZni1|Fal = E Y Zng11{Zn =k} F | =Y ElZn11{Zn = k} | F]
k=0 k=0

o

E[(T + .+ 1{Z, =k} |Fn]

x>
Il
—

{Z, =k} E [ + .+ &1

b
Il
—

WHZy =k} kp = pZn,

M

>
Il
—

and the result follows upon division by pu"*!. O

Since M, is a nonnegative martingale, it has a finite almost sure limit M.,. We begin by identifying cases
where M., = 0.

Theorem 3.2. If u <1, then M,,,Z,, — 0 a.s.

Proof. Since M,, - M, € R a.s. and ™ — 0, we have that Z,, = u"M,, - 0- My, =0 a.s.

Because Z,, is integer valued and converges to 0 a.s., we must have that Z,(w) = 0 for all large n (depending

on w) for almost every w € Q. It follows that M, = f:; is eventually 0, hence M., = 0. ]

It makes sense that if the population has more deaths than births on average, then it will eventually die out.
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The next result shows that if we exclude the trivial case where every individual has one offspring with full

probability, then the same is also true if, on average, each individual replaces themselves before dying.

Theorem 3.3. If y =1 and P(&' =1) < 1, then Z, — 0 a.s.

Proof. When =1, Z,, = M,, converges almost surely to some finite 7,
Because Z,, € Ny, we must have that Z,, = Z, for n > N(w).

If P(¢ =1) <1, then g = 1 implies that P (§! =0) >0, soforeach k e N, P(§} =... =& =01i0.) =1
by the second Borel-Cantelli lemma. Thus for any k&, N € N,

P(Z,=kforalln>N)<1-P(=..=¢&; =0 for somen > N) =0,
so it must be the case that Z., = 0. O
Zn . Zy
It is worth observing that since M,, = —~ is a martingale, F o =1, hence E[Z,] = p™.
)
Thus when p < 1, Z,, — 0 (exponentially fast) in L!. However, When w=1, E[Z E[Zy] =1 for all n, so

Z,, does not converge in L'.

In the u < 1 cases, we were able to conclude not only that Z,, — 0 a.s., but also that M,, — 0 a.s.

When g > 1, we will show that there is positive probability that the population never goes extinct, but we
point out that this does not enable us to conclude that M, is nonzero with positive probability. Necessary
and sufficient conditions for this to occur are stated in Durrett.

Theorem 3.4. If u > 1, then P (Z, > 0 for all n) > 0

Proof. For s € [0,1], let
G(s) = B |5 | = Zpks
be the probability generating function for the offspring distribution.

As Z;O:o prs” is a power series whose interval of convergence contains [—1, 1], we may differentiate termwise

to obtain
o0
'(s) = kaksk_l >0
k=1
G" (s Zk —Dprs"2>0
k=2
for s € [0,1).

Since the DCT implies that lim, ;- G'(s) = > p—, kpr = p > 1, there is a k > 2 such that p; > 0, hence
G'(s),G"(s) > 0 for s € (0,1).

The reason we care about the p.g.f. is that the proof relies on showing that the probability of extinction is
given by the unique fixed point of G in [0, 1).
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Claim (a). If 0, = P(Z,, = 0), then 0, = Y pe o PeOF, 1 = G(0p—1).

Proof. If Z1 = k, which happens with probability pg, then Z,, = 0 if and only if all £ lineages die out in the
next m — 1 time steps. By independence, this happens with probability 6%, ;. Summing over the different

possibilities for k establishes the claim. O

Our next step is to establish the existence and uniqueness of the purported fixed point:

Claim (b). There is a unique p < 1 such that G(p) = p.

Proof. Since lim,_,;- G'(s) = p > 1, and G’ is continuous on [0, 1), there is an € > 0 such that G’(s) > 1 on
(1 —¢,1). As G is continuous on [1 — ¢,1] and G(1) = 1, the mean value theorem implies that

1-G(s)=G(1)—G(s) =G (c)(1 —s) > 1 — s,

hence G(s) < s,on (1 —¢g,1).
Also, G(0) = py > 0. If G(0) = 0, take p = 0. Otherwise, letting F(x) = G(z) — =, we have F(0) > 0 and
F(1—5) <0, so the existence of p follows from the intermediate value theorem.

To see that this is the only fixed point less than 1, observe that G” > 0 on (0, 1), so G is strictly convex and
thus for any z € (p, 1),

Gx)=GMp+1 =X -D<AGp)+(1-NGQ)=Xp+ (1= 1=z
There can be no fixed point in (0, p) either as the above computation (with = and p interchanged) would

then imply that G(p) < p. O

The final step is to show that p is indeed the extinction probability:

Claim (c). 0,, / p as m / oc.

Proof. 0,, = G(6,—1) is an increasing sequence because 8y = 0 < G(0) = 0y and G'(z) > 0 for = > 0.
Similarly, sup,, 6, < p since 6y =0 < p and 6,,, < p implies 0,,11 = G(0,) < G(p) = p.

As 0, is a bounded increasing sequence, it converges to some 0, < p, so, since G is continuous, we have

foo = lim 0, = lim G(0n_1) = G(00).

n—oo n—oo

Because 6, < p is a fixed point of G, the previous claim implies 6., = p. O

Finally, {Z,, = 0} C {Z,,41 = 0} for all m, so continuity from below implies

m—roo

o0
P(Z, =0 for some n) = P ( U {(Zm = o}) = lim P(Z, =0)
m=1
= lim 0, =p<1
m—r 00

and the proof is complete. O
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4. LP CONVERGENCE
In order to obtain an LP version of Theorem 2.8 we begin with a generalization of Theorem 2.7.

Theorem 4.1. If X,, is a submartingale, M and N are stopping times with M < N, and there is a k € N
with P(N S k) = 1, then E[XN[} S E[XN]

Proof. Since {M <n < N} ={M <n—-1}n{N <n-1} € F,.1, K, = 1{M<n<N} >0is
predictable, hence

n NAn
(K- X)p=> H{M<m<N}(Xp—Xpo1) = > (X —Xmo1) = Xnan — Xnian
m=1 m=MAn+1
is a submartingale.
Consequently,
E[XN]— EXum] = EXNak) — Bl Xkl = E[(K - X)) > E[(K - X)) =0. O

In particular, we have

Corollary 4.1. If X,, is a submartingale and N is a stopping time with P(N < k) = 1 for some k € N,
then E[Xo] < E[Xn] < E[Xy].

Proof. For the first inequality, take M = 0 in Theorem 4.1.

For the second, take M = N, N = k. (Il

Our next step in proving the LP martingale convergence theorem is

Theorem 4.2 (Doob’s Inequality). Let X,, be a submartingale, )~(n =  max X, A>0,and A = {)an > )\}.
Then o
AP(A) < E[X,14] < E[X[14] < E[X].

Proof. Let N =inf{m: X,, > A} An. If w € A, then there is a smallest m < n such that
A< X (W) = X (w).
Also, since Xy = X,, on A®, Corollary 4.1 implies
E[XN1a]l+ E[Xnlac] = E[XN14] + E[XN14c] = E[Xn] < E[Xy] = E[Xp14] + E[X; 1 40].
Thus, as in the proof of Chebychev’s inequality, we have
AP(A) = E[Al4] < E[Xn14] < E[X,14].

The other inequalities are trivial since X, 14 < X,714 < Xt O
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A tangential application of Doob’s inequality is

Theorem 4.3 (Kolmogorov’s Maximal Inequality). If &1,&a, ... are independent with E[¢;] = 0 and
Var(&;) € (0,00), then Sy, = >_1" | & satisfies

P (1£na><< | S| > ;v) <z ?Var(S,,) for all z > 0.

Proof. S? is a submartingale (by convexity), so taking A = 22 in Theorem 4.2 gives

P ( max |Sp| > x) = sz( max S2 > x2> < E[S2] = Var(S,).

1<m<n 1<m<n

More important for the task at hand is

Theorem 4.4 (LP Maximum Inequality). If X, is a submartingale, then for all 1 < p < oo,

sl < (27) Bl

p—

Proof. For any fixed M > 0, we have

{X, =22}, M2\
0, M <\

)

(X, AM > 2} = {
so the layer cake representation, Doob’s inequality, Tonelli’s theorem, and Holder’s inequality give

E [()?n A M)p] - /mpv—lp ()?n AM > /\> A
0

- /OMpvlp ()?n > /\> A

M
1 ~
g/ pAP~! (/\/le{Xn > A}dP) dX
0

XnAM
:/X;f/ PANP~2d\dP
0

~ p—1
=L [xr (Xn A M) dP
p—1

~ p—1
- pE‘X; (Xn /\M)
p—1

p—1
e CONIE RS
< TLE((x) J7 B || X0 A M| ]

~ py 5
Dividing through by E HXn A M’ } > 0 shows that
~ 5 1
E[(Zanm)]" < LoB (X077,
p—
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and thus
B[(X.nm)] < (p:) E[(x)"].

Sending M — oo and invoking monotone convergence completes the proof. g

Since |Y,,| is a submartingale whenever Y,, is a martingale, we have

Corollary 4.2. IfY, is a martingale and Y, =  nax Y|, then
<m<n

Blogr) < (525) Blmar).

p—1

With the maximum inequality behind us, it is a small step to show

Theorem 4.5 (L? Convergence). If 1 < p < oo and X,, is a martingale with sup,, E[|X,["] < oo, then
X, — X a.s. and in LP.

Proof. E[X;F]" < E[|X,|]" < E[|X,["] < o0, so the martingale convergence theorem implies X,, — X

B[ (e, 1) | < (G25) BOR0]

Also,
by Corollary 4.2, so letting n — oo and using monotone convergence shows that sup,, | X,,| € LP.

Because |X,, — X|" < (2sup,, |X,|)”, dominated convergence gives E[|X, — X[ | — 0. O

Uniform Integrability.

It remains to consider the p = 1 case. Essentially, this is just the Vitali convergence theorem, but we will go

ahead and do everything carefully.

Definition. A collection of random variables {X;};c; is said to be uniformly integrable if

lim <supE[|X¢1{|Xi| > M}]> =0.
icl

M — o0

Uniform integrability implies uniform L' bounds since we can take M large enough that the supremum in

the definition is less than 1, say, and thus conclude that
sup B [1X] = sup (B[ 1X:| 1{|Xi| < M}] + E[1X:[1{|X:] > M} ])

<sup B[ [ X;| 1{|X;| < M} | +sup B[ |X;| 1{|X;| > M}]| <M +1 < oo.
iel

el
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However, one should observe that uniform integrability is a less restrictive assumption than domination by
an integrable function since if X > 0 is integrable and | X;| < X for all ¢ € I, then
|X;| L{|X;| > M} <|X|1{|X| > M} for all i € I, so monotonicity and dominated convergence give

— 00

lim <supE[Xi|1{|X,-|>M}}) < lim E[|X|1{|X|>M}] =0.
i€l M—o0

As an example of a u.i. family which is not dominated by an integrable random variable, consider Lebesgue

measure on (0,1) and X, (w) = w‘ll(# 1)(w).

n+tl’n

Any finite collection of integrable random variables is clearly uniformly integrable, but countable collections
need not be.
For example, if X,, = nlg 1) on [0,1] with Lebesgue measure, then E[|X,[1{|X,|> M}]| = 1 for all

n > M. (This also shows that uniform integrability is a stronger assumption than uniform L' bounds.)

Our next theorem shows that one can have very large u.i. families.

Theorem 4.6. Given a probability space (2, F, P) and a random variable X € L', the collection
{E[X |G]: G is a sub-o-algebra of F} is uniformly integrable.

Proof. We first note that since X € L', if A,, is a sequence of events with P(A,) — 0, then E[[|X|14,] =0
by the DCT for convergence in probability.

It follows that for every e > 0, there is a § > 0 such that P(A) < ¢ implies E[|X|14] < € - if not, there
exists an € > 0 and a sequence Ay, Ay, ... with P(A,) < L and E[|X|14,] > ¢, a contradiction.

Now let € > 0 be given and choose ¢ as above. Taking M > %, it follows from Jensen’s inequality that

for any G C F,

E[|E[X|G]1{|EX|G]| > M}] < E[E[|X]|g]1{|E [X]|G]| > M} ]
< B[E[IXI|G] 1{E[IX]|G] > M}]
= B[IX[1{E[IX][g] > M}]
where the final equality follows from the definition of conditional expectation by observing that
{E[1X]]g] > M} €g.
B[B[Ix1|g]]

Using Chebychev’s inequality, we have P (E [|X| | g] > M) < i = Ejl\f‘ < 4.
Thus,
E[|E [X]g]|1{|E[x|d]| > M}] < B[IX|1{E[|X]||¢] > M}] <&
for every G C F, and the result follows since € was arbitrary. O

Uniform integrability is the condition needed to upgrade convergence in probability to convergence in L'.

Theorem 4.7. If X,, =, X, then the following are equivalent:

(1): {X,}22, is uniformly integrable.
(ii): X, = X in L',
(iii): E|X,| = F|X]| < co.
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M, x>M
Proof. Assume {X,,} is u.i. and let p(z) = z, |z|<M
M, x<-M
Then
X — X[ <X — om(Xn)| + lom (Xn) — e (X)] + [om(X) — X
= (1Xal = M)" + oar (Xa) — oar (X)| + (1X] = M)"
< X H{|Xn] > M} + |on (Xn) — o (X)] + [X|1{|X]| > M},
and thus
E|Xy = X| < B[ Xn[ 1{|Xn| > M} + E|on (Xn) — oar(X)| + E[| X[ 1{]X]| > M}].
Since X,, =, X and ¢y is bounded and continuous, E | (Xy) —@m(X)| — 0. (Convergence in prob-

ability is preserved by continuous functions and the convergence in probability generalization of bounded

convergence then applies.)

Uniform integrability ensures that the first term can be made less than any given € > 0 by choosing M

sufficiently large.

It also ensures that sup,, F|X,| < oo, so the convergence in probability version of Fatou’s lemma implies
that F|X| < oo, and thus M can be taken large enough that the third term is less than ¢ as well.

Therefore, given € > 0, we can choose M so that
E|X,—X|<e+ Elom(Xn) —om(X)|+e — 2 as n — oo,

hence (4) implies (i).

That (i7) implies (4i7) is standard:

x, 0<z<M-1
Finally, suppose that £ |X,,| = F|X| < oo and define ¥ps(x) = ¢ (M —1)(M —z), M—-1<z<M .
0, otherwise

Given € > 0, one can choose M large enough that F |X| — F [¢5r (| X])] < € by the DCT.
Also, as in the first part of the proof, X,, —, X and ¥ (|-]) € Cp implies E¢ar (| Xn])] = Elar (| X])].

Thus there is an N € N such that for all n > N, |E|X,| — E|X||, |E[¥rm (| Xs])] — E[¥a(|X])]| < €, hence

EHXn‘ 1{‘Xn| > MH < E|Xn| - E[¢(|Xn|)]
< |BIXal = BIX| |+ (EX| = B[ (XD) + B[ (1X)] - E[¢ (1Xa])]| < 3e.

By increasing M if need be, we can ensure that E [|X,,|1{|X,| > M}] < 3¢ for the (finitely many) n < N,
and uniform integrability is established. ]
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We are finally able to provide necessary and sufficient conditions for L' convergence.

Theorem 4.8. For a submartingale, the following are equivalent.

(i): It is uniformly integrable.
(ii): It converges a.s. and in L'.

(iii): It converges in L'.

Proof. Uniform integrability implies that sup,, F |X,,| < oo so the martingale convergence theorem implies
X, — X as., and Theorem 4.7 implies X,, — X in L', hence (i) implies (i4).

As (i4) tautologically implies (7ii), it remains only to show that L! convergence implies uniform integrability.

But this is also a simple consequence of Theorem 4.7 since X,, — X in L' implies X, —p X. ]

When X, is a martingale, we can actually say a little bit more.

Theorem 4.9. For a martingale, the following are equivalent.

(i): It is uniformly integrable.

(ii): It converges a.s. and in L'.

(iii): It converges in L'.

(iv): There is an X € L' with X,, = E[X | F,].

Proof. Since martingales are submartingales, (i) = (i7) = (4#i¢) by Theorem 4.8.

Now assume that X,, — X in L. Then for all A € F,

BXa14] = BIX14]| = |E (X, — X) 1a]l € E|(X, — X) 14| € B| X, — X| = 0,
hence E[X,14] — E[X14].
Also, since X,, is a martingale, we have E[X,, |F,, ]| = X, for all m < n. Thus if A € F,,, then

E[X,n14] = E[E[X,, |Fn]1a] = E[E[X,14 |Fn]] = E[Xn14].
Putting these facts together shows that F[X,,14] = E[X14] for all A € F,,,, which, by definition of condi-
tional expectation, implies that X,,, = E[X |Fp, ].

Since Theorem 4.6 shows that (iv) = (i), the chain is complete. O

The nontrivial part of Theorem 4.9 (conditional on preceding results) was the conclusion that if a martingale
X, converges to a random variable X in L', then X,, = E[X |F,]. Our next result can be seen as a variation

on this theme.
Theorem 4.10 (Lévy’s Forward Theorem). Suppose that F,, / Foo — ie. {Fn} is a filtration and Foo =
o (U,, Fn)- Then for any integrable X,

E[X |F,] = E[X |Fs] a.s. and in L.
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Proof. We showed in Example 2.4 that X,, = E[X |F,] is a martingale and Theorem 4.6 implies it is

uniformly integrable.

It follows, therefore, from Theorem 4.9 that E[X |F, | converges to a limit X, a.s. and in L', and that
E[X|F.] =X, = F[ X | Fn]-
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By definition of conditional expectation, this means that for all A € F,,,

/XdP:/Xnsz/XoodP.
A A A

Our claim that X, = E[X |Foo | will follow if we can show that the above holds for all A € F.

But this is a consequence of the m — A theorem since P = J,, F,, is a m-system which generates o, and is
contained in the A-system £ = {A: [, XdP = [, XoodP}.

(P is a m-system since {F,} is a filtration and £ is a A-system since X, X, are integrable.) O

An immediate consequence of Theorem 4.10 is

Theorem 4.11 (Lévy’s 0 — 1 Law). If F,, /* Fso and A € F, then P(A|F,) — 14 a.s.

Though Theorem 4.11 may seem trivial, it should be noted that it implies Kolmogorov’s 0 — 1 law:

If X, X5, ... are independent and A belongs to the tail field 7 =, 0(Xy, Xp41,...), then 1,4 is independent
of each F, = 0(X1,...,X,), s0 P(A|F,) = P(A). As T C 0(X1,Xa,...) = Fx, Theorem 4.11 implies that
this converges to 14 a.s., so we must have P(A) = 14 a.s., hence P(A) € {0,1}.
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5. OPTIONAL STOPPING

We round out our discussion of smartingales with a look at optional sampling theorems, of which we have

already seen one example:

If X,, is a submartingale and M, N are stopping times with M < N < k a.s., then

E[Xo] < E[Xy] < E[Xn] < E[X].

We now look into what kind of conditions on X, allow us to reach similar conclusions for unbounded stopping

times.

Lemma 5.1. If X,, is a uniformly integrable submartingale and N is any stopping time, then Xyan S

uniformly integrable.

Proof. X} is a submartingale and N An < n is a stopping time, so E[XJ,,] < E[X;] by Corollary 4.1.
Since X} is u.i., we have
sup E[X i 5,,] < sup E[X;}] < o0,
so the martingale convergence theorem implies Xyna, — Xy a.s. (where X, = lim X,,) and F | Xy| < o0.
n—oo

Because F | Xy| < o0 and {X,,} is u.i., for any € > 0, we can choose K so that

Bl [Xn|5|Xn| > K] sup, B[ | Xl | Xa| > K] < 5,

hence
E[|XNanli | Xnan| > K| = E[|X,];1X,| > K, N >n| + E[|Xy];|Xn| > K, N < n]
< sup, B[ | X, |5 | Xn| > K] + B[ |Xn];|Xn| > K] <€

for all n, showing that {Xna,} is u.i. O

It is worth observing that the final sentence in the preceding proof establishes

Corollary 5.1. If E|Xy| < o0 and X,1{N > n} is u.i., then Xynan is w.i.

The utility of Lemma 5.1 is that it enables us to prove

Theorem 5.1. If X, is a uniformly integrable submartingale, then for any stopping time N < oo,
E[Xy] < E[Xn] < E[Xo] where Xoo = lim X,.

n—oo

Proof. Corollary 4.1 gives E[Xy] < E[Xnyan] < E[X,] for all n. Since X,, and Xyn, are u.i., the L!
martingale convergence theorem implies F[Xya,] = E[Xn] and E[X,] = E[X], so the result follows by

taking n — oo in the above inequality. O

Observe that if X, is our “double after losing” martingale and N = inf {n : X,, = 1}, then Xy =1 # 0 = X,.
Thus the conclusion of Theorem 5.1 need not hold if X,, is not u.i.

More generally, Theorem 5.1 shows that any such system will fail if we only have finite credit, because then

the corresponding martingale would be bounded and thus uniformly integrable.
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A useful consequence of Theorem 5.1 is

Theorem 5.2. If L < M are stopping times and Yaap S 6 u.i. submartingale, then

Proof. The first claim follows from Theorem 5.1 by setting X,, = Yaran, N = L, so that
E[Yy] = E[Xo], E[YL]=E[Yunsr] = E[XN], E[Yu]= 'n,h~>H;o E[Yyan] = E[X o)
L onA

M on A¢
hence {N =n} = (AN{L =n}) U (A°N{M =n}) € F,.

Now for A € Fr, let N = . This is a stopping time since L < M implies A € Fr C Fyr,

As N < M by construction, the preceding shows that
E[Yy; Al + E[Yar; AC] = E[Yy] < E[Y] = E[Yar; Al + E[Yar; A%,
hence

Taking A = A, := {Y, — E[Yym|FL] > ¢} shows that P(A;) = 0 for all ¢ > 0 and the desired result
follows. -

We have shown that optional stopping holds for bounded stopping times and for bounded smartingales
(as bounded implies uniformly integrable), and noted that these results show that you need infinite time
and credit, respectively, to ensure victory in an unfavorable game. Our last optional stopping theorem lies
somewhere in between these two and shows that another way for casinos to guard against length of play

strategies is to place caps on bets.

Theorem 5.3. Suppose X,, is a submartingale with E“Xn_H — Xl | Fn ] < B a.s. If N is a stopping time
with E[N] < oo, then Xnan s u.i. and thus E[Xn] > F[Xo].

Proof. Since

n—1 0o
|XN/\n| = XO + Z (Xm—',-l - Xm) 1 {N > m} < |X0| + Z |Xm+1 - Xm| 1 {N > m}v
m=0

m=0

it will follow that Xy, is u.i. once we show that the right-hand side is integrable.
To see this, observe that {N > m} = {N <m}° € Fp,, so it follows from our assumptions that
E[ [ Xms1 — X | 1{N > m}} = E[E[|Xm+1 — Xo| |[Fn JL{N > m}]
< E[B1{N >m}]=BP(N >m),

and thus

E[1Xol+ > [Xoms1 = X L{N > m} | < E[Xo| + > BP(N >m) = E|Xo| + BE[N] < .

m=0 m=0
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Our final optional stopping theorem applies to arbitrary stopping times and requires that the smartingale

be a.s. bounded in the appropriate direction.
Theorem 5.4. If X,, is a nonnegative supermartingale and N is a stopping time, then E [Xo] > E [Xn].

Proof. Corollary 2.6 shows that X, = lim X, exists, so Xy is well-defined.
n—oo
Also, E [Xo] > E [Xnan] for all n € N by Theorem 2.7.

Since monotone convergence implies
E[Xn;N <oo]l= lim E[Xy;N <n]
n—oo
and Fatou’s lemma implies
E[Xn;N =0o0] <liminf E[X,;; N > n],

n— oo

we have
E[Xo] > liminf E [Xyap] = liminf (E [X; N > n]+ E[Xn; N <n]) > F[Xy]. O

n—oo n—oo

Example 5.1 (Gambler’s Ruin). Suppose that in successive flips of an unfair coin, we win one dollar
if the coin comes up heads and lose one dollar if it comes up tails. If we start with nothing, then our
fortune at time n behaves like asymmetric simple random walk, S,, = Y7 | & where &, &, ... are i.i.d. with

P&=1)=1-P¢&=-1)=p.

Clearly S, is a submartingale w.r.t. F,, = o(&,...,&) if p > % and a supermartingale if p < 1.

Sn
Since we don’t want to have to consider the cases separately, we look at X, = (%) , which we claim is

a martingale: X, is bounded and F,-measurable, and
() (59
D p
Sn Ent1
1-— 1-—
-(57) (57
p p
x5 (57) a7 >
P I-p

Now let’s suppose we decide beforehand that we will quit once we lose a dollars or win b dollars, whichever

EXpt1|Fu]=FE Fn

| ES—

happens first. That is, we walk away at time N = T_, A T, where T, = inf{m : S,,, = z}.
A natural question is how likely is it the game ends in ruin, r = P(T_, < T}).

We first note that Sy, is uniformly bounded and thus is uniformly integrable. It follows from the L!
martingale convergence theorem that Sy, has a limit almost surely and in L'. As convergence to a point
in (—a,b) is impossible, it must be the case that N < co a.s.

SNAn
That Sy, is bounded also implies Xypap, = (1;”) " is u.i., so we can apply the martingale form of

P
Theorem 5.1 to conclude that




The probability of ruin is thus

Example 5.2 (Patterns in Coin Tossing). We are interested in the expected waiting time for the first
occurrence of HT H in a sequence of independent tosses of a fair coin. More formally, suppose that X1, X5, ...
are i.i.d. with P(X; = H)=P(X;,=T) = %, and set Tpry = inf{t>3: Xy 2o =H,X; 1 =T,X; = H}.
We want to compute E[TarH].

Somewhat surprisingly, our analysis is simplified by incorporating a casino and an army of gamblers into the
model. The setup is as follows. The casino offers even odds on successive tosses of a fair coin (X7, Xo,...).
Gamblers arrive one at a time with the k** gambler joining the game just before X}, is observed and placing
a $1 bet on heads. If X = T, he loses his dollar and quits playing. If X, = H, the casino pays him $2,
which he then wagers on Xj1 = T. If he loses, then he walks away with nothing and is out his initial $1
stake. Otherwise, he bets his $4 fortune on X, o = H. Regardless of the outcome, he quits after this round.

Since the game is fair, the casino’s net profit from the &' round, & € o(Xy,...,Xy), has E[¢&] = 0. It
follows that the casino’s profit from the first n rounds, M,, = >";'_, &. is a martingale w.r.t. (X1, ..., X,,).

Also, M,,,,.., = Tarr — 10 because each of the 77y gamblers payed a $1 entrance fee, and all gamblers
except the (Tgrg — 2)nd (who has $8) and the Ty gth (who has $2) walked away with nothing.

If we can show that optional stopping applies, then it will follow that 0 = E[My] = E[M,, ;] = E[tarH]—10.

To see that this is so, we first note that 7y7y is stochastically dominated by 3Y where Y ~ Geom(3), thus
Elruru) < 00, hence E |My,.,| < Elrura] +10 < o.

Also, since |M,,| < Tn (as none of the n gamblers have a net loss or gain exceeding 7), we see that

/|Mn1{THTH >n}|dP§7n/1{THTH >7’L}dP:7TLP(THTH >n)

1]
§7nP<Y>g):7n<;> —0asn— oco.

It follows that M,1{rgry > n} is ui., so Corollary 5.1 shows that M., ., An is u.i., hence Theorem 5.2
implies E[M | = E[My] and we conclude that E[rgrm]| = 10.

THTH
The exact same logic applies for words of different lengths and alphabets of various sizes.

It is interesting to note that if you carry out this analysis for the sequence HHH, then you find that
Elrgrma] = 844+ 2 = 14, so coin toss patterns of the same length can have different expected times to first

occurrence.
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6. MARKOV CHAINS

In words, a Markov chain is a random process in which the future depends on the past only through the

present. More formally,

Definition. Let (5,S) be a measurable space. A sequence of S-valued random variables Xg, X1, X, ... on
a filtered probability space (Q, F, {F,}, P) is said to be a Markov chain with respect to F,, if X,, € F, and
for all B € S,

P(X,4+1 € B|F,) =P(X,+1 € B|Xn).

S is called the state space of the chain, and the law of X is called the initial distribution.

* We take it as implicit in the name “Markov chain” (as opposed to “Markov process”) that we are working

in discrete time.

As the above definition is fairly difficult to work with directly, we introduce the following useful construct.

Definition. A function p: S xS — R is called a transition probability if

(1) For each x € S, A — p(z, A) is a probability measure on (S,S),
(2) For each A€ S, z — p(z, A) is a measurable function.

We say that X,, is a Markov chain (w.r.t. F,,) with transition probabilities p,, if
P(Xnq1 € BlFy) = pn(Xn, B).

If (S,S) is nice or S is countable, there is no loss of generality in supposing the existence of transition

probabilities as we are then assured of the existence of a r.c.d. for X,y given o(X,,):
tin(w,B) = P(X,,41 € B|X,) = P(Xy41 € B|Fy).

The last problem on the first homework shows that we can take p, (w, B) = p, (X, (w), B) for some transition

probability p,,.

Conversely, if we are given an initial distribution p on (S,S) and a sequence of transition probabilities

Do, P1, ---, we can define a consistent sequence of finite dimensional distributions by

u(dxo)/ po(mo,dxl)---/ Prn—1(Tn—1,dzy).
0 B, B

n

vn(Xo € By, X1 € By,...,X,, € By) = /
B

If (S,S) is nice, Kolmogorov’s extension theorem guarantees the existence of a measure P, on the sequence

space (SN0, SNo) such that the coordinate maps X,,(w) = w,, have the desired distributions.

* Note that the extension theorem also applies when S is countable since we can then identify S with a
subset of Z C R.

Through a slight abuse of notation, when p = J, is the point mass at =, we will write P, for Ps,.

It is worth observing that the family of measures {P, },cs is fundamental in the sense that
P,(A) = [ P,(A)u(dx) for any initial distribution p on (S, S).
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To see that the construction from Kolmogorov’s theorem defines a Markov chain with respect to

Fn = o(Xo, X1, ..., X;,) having transition probabilities {p, }, we need to prove that

/lB(Xn+1)de:/pn(Xqu)dPu
A A

for all n € Ny, A € F,,, B€S.

Since the collection of (n 4 1)-cylinders is a w-system which generates F,,, a m — A argument shows that it
suffices to consider A = {Xy € By, X1 € By, ..., X, € B,} with B; € S.

We compute

/ 1p(Xp41) dPy = Pu(A, Xy41 € B) = Py(Xo € Bo, X1 € B1,..., X € By, Xny1 € B)
A

Z/B0 M(dxo)/Blpo(ﬂfo,dxl)”'/Bn

= / ,U/(de)/ pO(andxl)..'/ pn—l(l‘n—l;d-rn)pn(xn7B)~
By B1 B

n

pn—l(xn—ladxn)/ pn(xnadxn+1)
B

To finish up, we reconstruct the integral:
If f(‘rn) = 1C(xn)7 then

/ u(dxo)/ po(xo, dzy) - / Prn—1(Tn-1,dzs)lc(zn) = Py(Xo € Bo,...,Xn € B, NC)
Bo By B

n

= P,(A, X, €C) = / 1o(X,) dP,.
A

Linearity shows the result holds for f(x,) simple, and the bounded convergence theorem extends it to
bounded measurable f, such as f(z,) = pn(xn, B).

In summary, we have shown that

Theorem 6.1. If (S,S) is nice (or S is countable), then for any distribution u and any sequence of transition
probabilities py, p1, ..., there exists an S-valued Markov chain {X,} such that Xo ~ p and
P(X,41 € B|Xo, X1, ..., Xn) = pn(Xn, B).

In order to verify that the preceding Kolmogorov construction is indeed the right one, we prove

Theorem 6.2. Any Markov chain X,, on (S,S) having initial distribution p and transition probabilities p,,
has finite dimensional distributions satisfying

P(Xy € By, X1 € By,.... X € Bp) = /
B

M(dfﬂo)/ po(x07d$1)"'/ Prn—1(ZTn—1,dxy)
0 By B

n

for alln € Ny, By, ...,B, €S.

To this end, we first record the following useful consequence of the m — A theorem.

Theorem 6.3 (Functional Monotone Class Theorem). Let A be a w-system containing  and let H be a
collection of functions f : Q0 — R which satisfies

(i) If Ac A, then 14 € H.
(i) If f,g e H and c € R, then f + g and cf are in H.
(iii) If f1, f2,... € H are nonnegative with f, 7 f, then f € H.

Then H contains all functions which are measurable with respect to o(A).
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Proof. L = {A : 14 € H} is a A-system since (i) implies 1o € H; (i) implies 1p\c = 1p — 1¢ € H if
B,C € £ with C C B; and (#7) implies 14 = lim,, 14, € H if A, € £ with A,, 7 A.

As (i) shows that the m-system A is contained in £, it follows from the m — A theorem that o(A) C £, thus
‘H contains all indicators of events in o(.A).

It then follows from (i¢) that H contains all simple functions and from (7i¢) that it contains all nonnegative

measurable functions. Taking positive and negative parts and using (i) gives the result. O

(Often, condition (7i7) only supposes that f € H when f,, ~ f with f bounded, and the conclusion is that H
contains all bounded o(.A)-measurable functions. The argument is the same, and that version can be more

convenient when # is defined in terms of expectations.)

Proof of Theorem 6.2. The proof of Theorem 6.1 shows that
H= {f : S — R such that f is bounded and E[f(X,11) |Fn] = /pn(Xn,dy)f(y) for all n € NO}

satisfies the conditions of Theorem 6.3 with A = S, hence E[f(Xnt1)|Fn] = [ pn(Xy,dy)f(y) for all
bounded f € S.

Accordingly, for any bounded measurable fy, ..., fp,

E =F|E

]

[n—1
=F H Im(Xom) - E [fu(Xn) |]:n1]1
Lm=0

H fm(Xm) H fm(XM)

=E 1:[ fm(Xm)'/pnl(Xnlady)fn(y)‘|‘

Since [ pn—1(Xpn_1,dy)fn(y) is a bounded measurable function of X,_1, it follows by induction that if
w=%(Xp), then

E fm(Xm)‘| = [ u(dzo)fo(xo) | po(xo,dzr)fi(z1) - [ Pn—1(Tn—1,dxn) fr(2n),
Tn]go / 0/)J0\L0 / 0\L0 1)J1\41 / 1 1
establishing Theorem 6.2. O

The preceding results show that we can describe a Markov chain X,, by specifying the transition probabilities

Prn- In practice, the transition probabilities are the fundamental objects for analyzing Markov chains.

Given transition probabilities, we can assume that the X,,’s are the coordinate maps on the sequence space
(SNO,SNO).
This construction gives us a measure P, for each initial distribution p, which makes X,, a Markov chain

with transition probabilities p,,.

It also enables us to work with the shift operators (8"w); = wjqn.

To keep things simple, we will restrict our attention henceforth to temporally homogeneous Markov chains,

in which there is a single transition probability p = pg =p1 = ...
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Example 6.1 (Random Walk). Let &;, &, ... € R? be i.i.d. random vectors with distribution u, and define
X, = zo+&1+...+&,. Then X, defines a Markov chain with initial distribution d,,, and transition probability
p(, B) = u(B — ).

If the &’s are independent but not identically distributed, we still get a Markov chain, but it’s no longer

time homogeneous.

All other examples of Markov chains that we will consider will have countable state space S = {s1, s2, ...}
equipped with the o-algebra S = 2°.

In this case, the transition probabilities are specified by functions of the form p : S x S — [0,1] with
> iegp(s,t) = 1 for all s € S. (The corresponding transition probability p : S x & — R is given by
p(x,B) =3, cpp(x,y).) The interpretation is p(s,t) = P(Xn41 =t|X,, = s).

Example 6.2 (Branching Processes). Let £1,&s,... € Ng be i.i.d. The Galton-Watson process can be viewed
as a Markov chain on Ny with transition function p(¢,j) = P (2221 & = j). (If the current population size

is 7, and individual k has & offspring, the next generation will have population size 2221 k)

Example 6.3 (Birth and Death Chains). Birth and death chains are defined by the condition X, € Ny
with |X,, — X,,4+1] < 1. In terms of transition probabilities, this means that pg+ro = 1 and py + 7, +qx = 1
for k > 1 where p, = p(n,n + 1), r, = p(n,n), and g, = p(n,n — 1). One can think of the associated
chains as giving population sizes in successive generations in which at most one birth or death can occur per

generation.

Example 6.4 (M/G/1 Queue). The M/G/1 queue is a model of line lengths at a service station. M stands
for Markovian (or memoryless) and means that customers arrive according to a rate A Poisson process; G
indicates that the service times follow a general distribution F'; and 1 is because there is a single server. We
assume that the line can be arbitrarily long and that the priority is “first come, first serve.”

The time steps correspond to new customers being served, so that X, is the length of the queue when

customer n begins their service. Xy = z is the number of people in line when service opens with customer 0.

Let a = [° e_’\t%dF(t) be the probability that & customers arrive during a service time, and let &,
denote the net number of customers to enter the queue during the service of customer n, keeping in mind
that customer n completed their service in this time period. Our assumptions imply that that &y, &y, ... are
iid with P(&, = k — 1) = ag, and we have X, 11 = (X, +&,) 7. We take positive parts because if there
is no one waiting when the n*® customer begins their service (X,, = 0) and no customers arrive during this
service time (&, = —1), then the next queue length is 0 since we don’t start counting until the next customer

arrives and begins service.

It is not difficult to see that X,, defines a Markov chain with transition probabilities

p(0,0) = ap + a1,
p(J,j+k—1)=arifj>1ork>1.
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Example 6.5 (Random Walks on Graphs). Let G = (V, E) be a simple undirected graph with vertex set
V and edge set E. For w,v € V, write u ~ v if {u,v} € E. Assume that sup,cy deg(v) < oo where
deg(v) = > ,cy 1{u ~ v} is the degree of v. A simple random walk on G proceeds by moving from the

1{v ~ u}.

present vertex to a neighbor chosen uniformly at random - that is, p(u,v) =

1
deg(u)
More generally, suppose that G = (V, E) is a directed graph (possibly containing self-loops) and let

wlfuv)
Zm:{u,w}eﬁ ’LU({U, 13})

In fact, every Markov chain on a countable state space S can be interpreted as a random walk on the directed

w:E - [0,00). One can define a random walk on V' by p(u,v) =

graph having vertices indexed by S, edge set {{u,v} : p(u,v) > 0}, and edge weights w ({u,v}) = p(u,v).

Example 6.6 (Random Walks on Groups/Card Shuffling). Any probability x on a countable group G
induces a random walk via p(g,h) = p(hg=!). The Markov chain is defined by X, 41 = gn41X, where
g1, 92, - - - are chosen independently from pu.

For example, let G = (Z/QZ)d, and let p(z) = % if  has exactly one coordinate equal to one, p(z) = 0
otherwise. The associated Markov chain, X,,, is equivalent to simple random walk on the hypercube.

If we define ||z|| = |{¢ € [d] : #; = 1}|, then one can verify that Y,, = || X, || is a Markov chain. In fact, ¥, is
equivalent to the Ehrenfest chain mentioned in Durrett (Example 6.2.5).

n
2

sitions. We can think of permutations as representing arrangements of a deck of cards: o € S, corresponds
to the ordering in which o (k) is the label of the kth card from the top. (Equivalently, the card labeled [ is

in position o=1(1).)

As another example, let G = S,,, and let pu(7) = ( )711 {T = (i¢j)} be the uniform distribution on transpo-

Left-multiplying o by 7 = (ij) corresponds to interchanging card ¢ and card j in the deck:

o(k), o(k)¢{ij}
Too(k) = i o(k)=j
Js a(k) =i

Thus we can think of the random walk in terms of repeatedly shuffling the deck by randomly transposing

pairs of cards.

In card shuffling applications, it is often more convenient to multiply on the right — so X411 = X,0,
p(o, ) = u(oc~1m) — as we typically want shuffles to act on positions rather than labels.
For the random transposition case, right-multiplying ¢ by 7 = (ij) corresponds to interchanging the card in

position ¢ with the card in position j:

o(k), k¢&{i,j}
ogot(k)=1 o(j), k=i
U(i)7 k=j

In this example, the two conventions are essentially equivalent, but typically there is a distinction.

Consider shuffling by removing the top card and inserting it in a random position. Here we need to multiply
on the right by permutations distributed according to p(c) = 21{c = (1--- k) for some k € [n]}.
Left multiplication by (1--- k&) would correspond to replacing the card labeled k with the card labeled 1 and

the card labeled j with that labeled j + 1 for 7 < k. This requires looking at the cards.
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The inverse of this “top-to-random shuffle” — namely, placing a randomly chosen card on the top of the deck
— corresponds to right-multiplication by a cycle of the form (k---1) = (1---k)~! with k chosen uniformly
from [n].

Note that the left-invariant walk (having kernel p(z,y) = pu(x~'y)) transforms into the right-invariant walk
driven by ji(g) = u(g~') under the anti-automorphism x — x71, so it suffices to stick with one convention
for developing theory and then translate the results when a particular model is better suited to the other

choice.

When S = {s1, ..., s, } is finite (as in some of the latter examples), the transition probabilities can be encoded
in a transition matriz K € M, (R) defined by K; ; = p(s;, s;). One nice thing about finite state space Markov
chains is that one can often prove powerful results by using ideas from linear algebra.

Some texts have different conventions regarding the indexing of transition matrices. For us, the z,y-entry
represents the probability of moving from = to y in a single step. It follows that probability distributions
are represented by row vectors and functions by column vectors.
That is, if K is the transition matrix for X,,, p is a probability measure on (S,S), and f: S — R, then
(uK) (y) = > (@)K (z,y) = P (Xn41 = y|Xp ~ pt)
z€eS

and

(Kf)(z) =) K(x,9)f(y) = E[f(Xp41) | Xp = z].

yeSs

For countably infinite state spaces, the “transition matrix” is infinite, so not all linear algebraic results carry

over directly. However, the operator perspective is still convenient.

For example, Theorem 6.2 implies that

n

P, (Xo =20, X1 =21,...X,, = xp) = p(x0) H P(Trm—1,Tm).

m=1

When n = 1, we have
Po(X1=y)=> P.(Xo=2,X1=y)=> p)pz,y) = (1p)(y)-
When n =2, u=9,,

P, (XQ = Z) = sz (Xl = anQ = Z) = Zp(xay)p(yaz) :p2(1’,2).

Yy Yy

It follows by induction that

and thus
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7. EXTENSIONS OF THE MARKOV PROPERTY

The Markov property reads E [1g (X,41) |Fn] = E[l (Xnt1) | X, ] for all B € S. By the usual argument
of approximating by simple functions, we see that this is equivalent to E'[h (Xp41) |[Fn] = E [h (Xnt1) | Xn]
for all bounded measurable h.

In this section, we show that for discrete time Markov chains, the Markov property extends to the whole

future and to random times.
Specifically, we have that for all bounded measurable h and all n € Ny,
Eh(Xn, Xnt1s--) |Fn] = Eh(Xn, Xnt1,--) | X0 ]
Moreover, if N is a stopping time, then the above holds with IV in place of n when we restrict to the event

{N < o0}.

We will assume throughout that the X,, are coordinate maps on the sequence space (Q,F) = (SNo, SMNo)
and that F,, = 0(Xo, X1, ..., X,). For each probability measure p on (S,S), we write P, for the measure on
(Q, F) that makes X,, a Markov chain with initial distribution p and transition probability p.

Also, we recall that the maps 6™ : Q — Q act by shifting coordinates: (6"w); = w;tn.

We begin by showing that the Markov property is not limited to a single time step.

Theorem 7.1. If Y : Q — R is bounded and measurable, then
E [Y o0 |Fn] = Ex,[Y]

where the subscript on the left indicates that the conditional expectation is taken with respect to P, and the

expression on the right is p(x) = E.[Y] evaluated at © = X,.

Proof. Let A = {w : wy € Ao, ...,w, € Ay} for some Ag,..., A, € S and let g, ..., gm : (5,S) — (R, B) be
bounded and measurable.

Applying the formula
N

E, fi(Xe)| = (dzo) fo(zo) [ p(wo,dxy) fi(xr)--- [ plen_1,dzn)fN(zN)

[H) ]/HOOO/pO /PN N)IN(TN

with fr, =14, for k <n, f, = 14,90, and f,4; = g; for 1 < j <m , we have

n

Eu[}f[ogk(xmrk)ﬂ‘l} Z/AO ,U(di'30)/A1 p(a:o,dxl)-u/A p(x,_1,dzy,)
90(e) [ Dl drnin)ginin) - [ Pomins, i )gn @)

— B [Bx, [ [T X)) 4):

k=0
The collection of sets A for which this holds is a A-system, and the collection of sets for which it has been

proved is a m-system that generates F,,, so the m — X\ theorem shows that it is true for all A € F,,.
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Thus if Y (w) = [T gk(wk) for go, ..., g bounded and measurable, then

[ yooan, —/AHgk i) [Hgk -

i)
k=0
:Eu{Exn{Hgk(Xk)};A} :/ILXExn[Hgk(Xk)}dPu:/AEXW [Y]dP,
k=0

k=0
for all A € F,,, hence E,[Y 06" |F,] = Ex, [Y] for all such Y.

To complete the proof, we observe that the collection A of events of the form {wg € Ay, ..., w € Ax} is a 7-
system that generates S"o. The set of functions H = {Y : E,[Y 06" |F,] = Ex, [Y]} contains the indicators
of events in A (take g = 14, in the preceding), and is certainly closed under sums, scalar multiples, and

increasing limits, so Theorem 6.3 implies that 7 contains all bounded measurable Y. O

Thus, conditional on F,,, X,,, X, 41, ... has the same distribution as a copy of the chain started at X,.
Markov chains are forgetful; they start fresh at every step.

It should be noted that Theorem 7.1 depends on the assumption of time homogeneity.

In general, writing Y (w) = h(wo, w1, ...), so that Y 0 0™ = h (X,,, Xp41,. . .), the proof of Theorem 7.1 gives

Eh(Xn, Xnt1,-) | Fu] = Eh (X, Xpng1,...) | Xn].

Another interpretation of this statement of the Markov property is that the past and the future are condi-

tionally independent given the present:
Corollary 7.1. If A € 0(Xo, ..., X,,) and B € 0(X,,, Xn11,...), then for any initial distribution p,
Pu(ANB|Xy) = Py (A|Xn) Py (B X5 )
Proof. By Theorem 7.1 and basic properties of conditional expectation,
Pu(ANB|Xy) = E,[1alp|Xa] = Eu [Ey [Lalp | F] | X]

=E, [1aE, [1p|F0]|Xn] = B, [1aE, 15 [Xn] | X0 ]
= B, [14|X4] B, [ X, ] = P (A|X,) P (BIX,,). O

A useful application of the Markov property is the following intuitive decomposition result for expressing

multi-step transition probabilities in terms of convolution (matrix multiplication):
Proposition 7.1 (Chapman-Kolmogorov). If X, is time homogeneous with discrete state space, then

Proof. Since 1(,y (Xm+n(w)) = (123 0 Xy 0 (‘)m) (w), Theorem 7.1 shows that
Py (Xmman =2) = Ep [102) (Xongn) | = By [Ex [(1zy 0 Xp) 0 0™ | Fi]]
=E, [Ex, 10 Xa]] = Eo [Px,, (Xn=2)] =) P (X =y) P, (Xp=2). O
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Our second extension is known as the Strong Markov Property which generalizes the original definition by

replacing deterministic times with stopping times.

Recall that if IV is a stopping time with respect to a filtration F,,, then the stopped o-algebra Fy consists
of all events A € F such that AN{N =n} € F, for all n.

Also, remember that we defined random shifts by
oy 0"w, we{N=n}
A, we{N=o0}

where A is an extra point we add to 2 for convenience. In what follows, we will restrict our attention to

{NN < o0}, so this extra point need not concern us.

Theorem 7.2 (Strong Markov Property). Let N be a stopping time and suppose that Y : Q — R is bounded
and measurable. Then
E, [Y 00N |Fn]| =Exy[Y] on {N < oo}.

Proof. For any A € Fy,

E,[YooN;AN{N < co}] :iEu[Yoén;Aﬂ{N:n}]

n=0

> Eu[Ex,[Y];AN{N =n}|
n=0

=E,[Exy[Y; AN{N < o0}],

and the result follows by definition of conditional expectation. O

The above proof is representative of many results for discrete stopping times - one sums over possible values
of N and then applies existing results to the summands. This trick doesn’t work in continuous time and the

corresponding theorems can be much less trivial.

While every discrete time Markov process has the strong Markov property, the two notions do not necessarily
coincide in continuous time. (For example, B;1{By # 0} is Markov but not strong Markov.)
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&. CLASSIFYING STATES

We will restrict our attention henceforth to chains having a countable state space.
Define Tz? =0 and
ko_ - k—1 . _
Ty—lnf{n>Ty .Xn—y}
(where inf ) = 00), so that T} is the time of the k™ visit to y at positive times.

Set T, = T, and let p,, = P, (T, < co) be the probability that the chain started at x visits y in finitely

many steps.

Theorem 8.1. P, (Tf < oo) = p,;yp’;;l.

Proof. The result follows from the definition of p,, when £ =1, so can assume that k > 2.

Now let Y (w) = 1{w,, =y for some n € N} = 1{T}, < oo}.

Setting N = T~!, we have Y 0 0N = 1 {w,, =y for some n > T~} = 1{T} < oo} on {N < oo}.

Also,
E.[Y 00N |Fn] = Ex,[Y] on {N < oo}

by the strong Markov property.
As Xy =y on {N < oo}, the right-hand side is Ex [Y] = E,[Y] = P, (T < 00) = pyy-
Thus, since 1 {N < oo} € Fi, we have
Py (T) < o0) = Ey [L{T} < o0}| = E, [Y 0 0N; N < 0]
= B, [B,[Y 0 0™ |Fn]; N < o0
= Ey [pyyi N < 00] = pyy P (T 7! < 00),

and the result follows by induction. O

Definition. We say that y € S is a recurrent state if py,, = 1 and a transient state if p,, < 1.

If every o € S is a recurrent state, we say that the chain is recurrent.

If y is recurrent, then Theorem 8.1 shows that P, (T;C < oo) = pgy =1 for all k € N, hence
P,(X,=yio)=1

If y is transient and we let N(y) = > po; 1{Xs = y} be the number of visits to y at positive times, then

Eg[N(y)] = ZPm (N(y) = k) = ZPJ? (Tzf < OO)
k=1 k=1
= meyp’;;1 = Pmyzplyjy = % < 0.
k=1 k=0 Puy

Combining these observations gives

Theorem 8.2. y is recurrent if and only if E, [N(y)] = co.

Definition. We say that y is accessible from z if p,,, > 0. If x = y or x is accessible from y and y is

accessible from x, we say that = and y communicate.
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Our next theorem says that if x is recurrent, then so are all states accessible from z. (Recurrence is

contagious.)
Theorem 8.3. If x is recurrent and py > 0, then y is recurrent and py, = 1.

Proof. We first prove that p,, = 1 by showing that p,, > 0 and p,, < 1 implies p,, < 1.

Let K = inf{k cpF(x,y) > 0}. (K < oo since pyy > 0.) Then there is a sequence yi,...,yx—1 such that
p(z,y1)p(y1,92) - p(Yyx—1,y) > 0. Moreover, since K is minimal, yx # x for k=1,..., K — 1.

If pye < 1, then we have

1= pga = Py (T = 00) > p(z,y1)p(y1,y2) - P(Yx—1,¥)(1 — pya) > 0,

a contradiction.

To prove that y is recurrent, we note that p,, > 0 implies that there is an L with pL(y,z) > 0. Because

pHE (y,y) > ot (y, 2)p" (2, 2)p" (2, y),
we see that
oo (o] oo oo
EyINWI=> E,1{Xx=y}] =) P,(Xs=9)=> p*wy)> >, Wy
k=1 k=1 k=1 k=L+K+1
Z Pt (y,y) > pH(y, Z p*(y, 2)p™ (2, y) Ex [N (2)] = oo,
so y is recurrent by Theorem 8.2. ]

Theorem 8.3 allows us to conclude that states accessible from x are recurrent provided that we already know
x is recurrent. It is useful at this point to introduce the following definitions.

Definition. A set D C S is called a communicating class if all states in D communicate: x,y € D implies
x =1y or pyy > 0. A communicating class in which every state is accessible from itself (p,, > 0 for all z € D)
is called irreducible. (In general, a set B C S is irreducible if p,,, > 0 for all ,y € B.)

If S itself is irreducible, we say that the chain is irreducible.

Proposition 8.1. The communicating classes partition the state space.

Proof. “Communicates with” is reflexive and symmetric by definition, thus we need only establish transitivity.
This is trivial if z,y, z are not all distinct, so (because of symmetry) it suffices to show that p,,, p,. > 0
implies pg, > 0.

But this is a simple consequence of the strong Markov property since P, (T. 0 §7v < oo |Fr, ) = P, (T. < o)
on {7} < oo}, thus

Prz = Pp (T, < 00) > (TZOHTy<oo;Ty<oo)
[Pm (TZ OeTy <0 |‘FT?/) ’Ty < OO:I

P,
L,
E, [Py (T, < 00); T, < o0
P,

(T> < 00) By [Ty < 00] = pyzpay > 0.

(Or you could just use pX+L(x, 2) > p&(z,y)p*(y,2)...) O
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Note that communicating classes consisting of a single element, z, are not necessarily irreducible as it may
be the case that p,, = 0.
However, the proof of transitivity shows that every class containing more than one state is irreducible.

Also, any communicating class containing a recurrent state is irreducible as it either contains multiple

elements or consists of a single recurrent state.

More importantly, Theorem 8.3 shows that recurrence is a class property - either every element in a com-

municating class is recurrent or every element is transitive.

Thus if we have identified a communicating class, we can check recurrence for all members simultaneously

by testing a single element.

In many cases, this is simplified by the next result.

Definition. A set C C S is said to be closed if it contains all points accessible from any of its elements:
z € C and pyy > 0 implies y € C. The reason for the name is that if C' is closed and x € C, then
P, (X, € C) =1 - there is no escaping C.

If a singleton {z} is closed, we say that the state z is absorbing.

Theorem 8.4. If C is a finite closed set, then it contains a recurrent state. If, in addition, C' is a commu-

nicating class, then all states in C are recurrent.

Proof. 1t suffices to prove the first statement as the second then follows from Theorem 8.3.
To this end, suppose that C is a finite closed set with p,, < 1 for all y € C. Then E, [N(y)] = % < o0
for all z,y € C, so, since C is finite, we have the contradiction that for any = € C,

0> 3 E N =D > pMay)=> > pley) =) 1=o00
yel yeC n=1 n=1yeC n=1

where the penultimate equality follows from the fact that C' is closed. (]

Corollary 8.1. FEwvery irreducible Markov chain on a finite state space is recurrent.

Proof. S is closed. O

Theorem 8.3 provides a simple test of transience:
If there exists a y € S such that p,, > 0 and py, < 1, then [z] is transient.

Theorem 8.4 gives a similar recurrence test for states in a finite communicating class:

If |[z]| < oo and pgy > 0 implies py, > 0, then [z] is recurrent.

(The assumptions imply that [z] is closed since p;,, > 0 implies py, > 0, hence w € [z]; and y € [z] \ {z}

and p,, > 0 implies py, > paypy> > 0, 50 p,e > 0 as well, hence z € [z].)
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To recap, we can partition the state space into communicating classes, each of which is either recurrent or

transient.

All classes containing at least two states (as well as certain single-state classes, such as those consisting of
an absorbing state) are irreducible.

Communicating classes are not necessarily closed, but Theorem 8.3 shows that any communicating class

containing a recurrent element is both closed and irreducible.

It follows from Proposition 8.1 that the set of recurrent states R = {a € S : p,» = 1} can be expressed as a

disjoint union of closed and irreducible communicating classes.

We conclude this discussion by considering recurrence/transience behavior in some concrete examples.

Example 8.1 (Random Walks on Finite Groups). If G is a finite group and X, is a Markov chain on G
with transition function p(g, h) = u(hg—1) for some probability p on G, then X,, is irreducible if and only if
the support of u, ¥ = {g € G : u(g) > 0}, generates G. If so, then for any r, s € G, there exist ¢;,,...,¢;, € X
such that g;, ---g;, = sr~!, hence p.s > p*(r,s) > u(g:,) - p(gi,) > 0. If not, there is some g € G which
cannot be expressed as a finite product of terms in 3, so p.y = 0 where e is the identity in G.

Whether or not the chain is irreducible, all states are recurrent. If X,, is not irreducible, then ¥ generates
a proper subgroup H < (. The communicating classes are precisely the right cosets of H, and they are all
closed.

Example 8.2 (Branching Processes).

If the offspring distribution has mass py > 0 at zero (i.e. there is positive probability that an individual has
no children), then for every k > 1, pro > pf > 0. Since por. = 0 for all such k, we see that every state k > 1
is transient. 0 is recurrent because p(0,0) = 1.

Example 8.3 (Birth and Death Chains on Np).
Denote
pli,i+1) =pi, pli,i—1)=q, p(i,i)=r
where ¢o = 0 and pp_1, qx > 0 for k¥ > 1. (The latter condition ensures that the chain is irreducible.)
Let N =inf{n > 0: X,, = 0}. We will define a function ¢ : Ng — R so that ¢ (Xnyan) is a martingale.

We begin by imposing the conditions ¢(0) = 0 and ¢(1) = 1. For the martingale property to hold when
X, =k > 1, we must have

p(k) = prp(k +1) + rip(k) + gk — 1),
(P + ar)p(k) = (1 = re)p(k) = prp(k + 1) + qrp(k — 1).

Dividing by px and rearranging gives

ok +1) — (k) = %(s@(k) — ok —1)).
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Since ¢(1) — ¢(0) = 1, we have

hence

n—1 m q n—1 m q;
:1+ZH47 H—]forn>1
m=1 j=1 Dj m=0 j=1 pj

where we adopt the convention that the empty product equals 1.

Now for any a < z < b, let T =T, AT, where T, = inf{n >1: X,, = z}.

Since ¢ (X1an) is a bounded martingale and X7 € {a,b} P,-a.s., optional stopping gives
p(@) = Eg[p(X1)] = ¢(0) Py (Ta > Tp) + ¢(a) [1 = Pp (Ta > Tb)]

hence

P.(T, > Tp) =

Taking a =0, b = M gives

Px (TO > TM) =
2
so letting M — oo and observing that Ths > M — x, we see that 0 is recurrent if and only if

S

m=0j=1

ﬂ:ga(M)—>ooasM—>oo.

Dj

(p is increasing and thus has a limit ¢(c0) € [1,00]. If p(00) = oo, then P (Ty = co) = 0, hence 0 is recurrent
1

as the chain started at 0 is either 0 or 1 after one time step. If p(c0) < o0, then P (Th = o0) = 7 > 0,

so as long as pg > 0, there is positive probability that the chain started at 0 never returns.)
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9. STATIONARY MEASURES

Definition. If X,, is a Markov chain with state space (S, S) and transition function p, we say that a measure

wZ 0on (S,8) is a stationary measure for X, if it satisfies the equilibrium equation

ply) =Y ul@)p(@,y)

zeS

for every y € S. If p is a probability measure, it is called a stationary distribution.

Of course, if a stationary measure p is finite, then 7(y) = ﬂ is a stationary distribution.

>a 1)
If 7 is a stationary distribution for X,,, then the equilibrium equation reads P, (X7 = y) = 7(y).
Using the Markov property and induction, it follows that P,(X, = y) = n(y) for all n, hence the name

stationary.

From the transition operator perspective, the equilibrium equation reads up = u, so a stationary measure is
a left eigenfunction with eigenvalue 1.

Example 9.1 (Random Walk on Z%). Here p(x,y) = f(y — ) where f > 0 and 3__ f(z) = 1. In this case,

w =1 1is a stationary measure since
py)=1=Y fz)=> 1-fly—=2) =Y u@)py).

Of course v = k is also a stationary measure, and in general, any positive multiple of a stationary measure

is stationary.

Note that v = k is not a stationary distribution since ) v(x) = oo.

Example 9.2 (Asymmetric Simple Random Walk). Here S = Z and p(z,2+1) = p, p(z,z—1) =¢=1—0p.

The preceding example shows that 4 = 1 is a stationary measure. If p # ¢, another stationary measure is
xr

given by v(z) = (%) since

> wv(@)p(z,y) = viy — Dply — 1,y) + vy + Dply +1,9)

T
y—1 y+1 y+1
:<P> p+<P> g
q q qY qY

pY(q¢+p) pY
= 7(1?/ = qT/ = V(y)

Example 9.3 (Random Walks on a Finite Group). Suppose that G is a finite group and X,, is a Markov
chain on G with transition probabilities p(z,y) = f(yx~!) for some probability f on G. Then 7 = ﬁ is a
stationary distribution since

11 1 L
W(y)=@=@;f(g)=@m§f(yw )= w(@)p(x,y).

zeG
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Example 9.4 (Birth and Death Chains). Here S = Ny, p(¢,¢ + 1) = p;, p(i,4) = r;, and p(i,i — 1) = ¢,
with go = 0 and p(i,5) = 0 for |i — j| > 1.

The measure u(k) = H§=1 p;i;l has

i i+1
. . Pj—-1 DPj—1 . .
p(@p(i,i+1) =pi [[ 2= = g2 [[ 2= = p(i + Dpli + 1,1).
j=1 Y j=1

Since p(x,y) = 0 if |z — y| > 1, this implies that p satisfies the detailed balance equations:

w@)p(x,y) = u(y)p(y, z) for all z,y € S.
Summing over x, we have

> @z, y) = pwy) > ply,x) = py),

so any such measure is stationary.

If X, has a stationary distribution which satisfies the detailed balance equations, we say that X, is reversible.

To see the reason for the nomenclature, observe that if X,, is reversible with respect to m, then

Pr(Xo =0, X1 =21, ..., X = ) = W(x0)p(x0, x1)p(x1,22) - P(Tr—1, Tr—1)

p(z1, zo)m(21)p(21, T2) -+ P(T—1, Tn)

(
= px2, 21)p(w1, o) 7 (22) - - - P(Tn—1, Tn)
= = 71—(:L'n) (xnvmn 1) p(xlva)

—P (X X1:.’L'n 17...,Xn=.%'0)7

thus in stationarity ()(0,)(17 7Xn) =d (Xn, ...,X17X0).

Random walks on countable groups (like the first three examples) are reversible with respect to counting

measure precisely when f(g) = f(g~!) for all g € G.

Example 9.5 (Simple Random Walk on a Finite Graph). If G = (V, E) is a simple, undirected graph
with |V| < oo and X, is a Markov chain on V with transition probabilities p(x,y) = 1{z ~ y}, then

m(x) = d;ﬁé”l”) is a stationary distribution for X, since

deg(:r

m(z)p(z,y) = Hz ~y} =7(y)py, x).

1
2|E|
7 is a probability measure on V' by the “handshaking lemma,” 3 _, deg(x) = 2|E|, which follows by
observing that if we orient the edges in any way, then |E| = > deg’ (z) = }__ deg™ (z) (where deg’ and

deg™ denote the outdegree and indegree, respectively), hence 2 |E| = " (deg® (z) + deg™ (z)) = 3, deg(z).

Reversibility is a very convenient feature for Markov chains to have, but as the term “detailed balance”

suggests, it is much less generic than one might infer from the preceding examples.
For instance, the M/G/1 queue has no reversible measures since if > y+1, then p(z,y) = 0, but p(y, z) > 0.

We will see shortly that there is a more complicated potential obstruction to reversibility in the case of

irreducible Markov chains, but first we present a lemma which is useful in its own right.
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Lemma 9.1. If p is irreducible and p is a stationary measure for p, then u(x) > 0 for all states x.

Proof. Since u(x) # 0, there must be some x¢ with u(zg) > 0. Assume that N = {y : u(y) = 0} # 0, and
let xg,x1, ..., xx be a sequence of minimal length such that p(x;_1,2;) > 0 for each ¢ = 1,....;k and xy € N.

Such a sequence exists by irreducibility. Since z; € N, we have that
Zu p(w, zx) > p(p—1)p(zr—1, T1).
It follows that u(xg_1) = 0, contradicting minimality.

(Alternatively, for any y € S, there is an n with p™(zg,y) > 0, so u(y) = (up™)(y) > p(ze)p™(xo,y) >0.) O

Theorem 9.1. Suppose that p is irreducible. A necessary and sufficient condition for the existence of a

reversible measure is

(i) p(z,y) > 0 implies p(y,z) > 0,

(ii) For any loop xg,x1,...,x, = xo with H?=1 p(zi—1,x;) >0,
n
e 1 iy Li— 1

Proof. To prove necessity, we note that any stationary measure has p(z) > 0 for all  (by Lemma 9.1),

so the detailed balance equations imply that (i) holds. To check the cycle condition, (ii), we observe that

p(ai_1,2) = ’{(x )l)p(x“xl 1), 80, since zg = T,, we have
n n n—1
p(xi-1, i) _ I plxi) _ plan) II pi) _
o p@owia) @) (o) T (@)

To show that these conditions are sufficient as well, fix s € S and set p(s) = 1. By irreducibility, for any

z € S\ {s}, there is a sequence s = zg,z1,..., %, = with [[}_, p(z;—1,2;) > 0, and we set

- p(%‘—hxi)

,u(x) - 1 p(xiaxi—l).

i=

If s =yo,¥1,-..,Ym = x is another such sequence, then (7) implies that H;”zlp(yj,yj_l) > 0, and

S =0, L1y Ty = YmyYm—1,---,Y0 = S is a loop, so (i4) implies that
n
prfz 1, pr;,yg 1) —1
bl 1])%'1,371 1 j= yj lay])

It follows that p does not depend on the particular path chosen.

Finally, detailed balance is satisfied since if p(x,y) > 0, then consideration of the path s = zg, 21, ...,z,y
shows that
O

Though the existence of a reversible measure implies the existence of a stationary measure, it is not a
necessary condition. The following theorem shows that any chain having a recurrent state has a stationary

measure.
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Theorem 9.2. If x is a recurrent state and T, = inf {n > 1: X,, = z}, then

T,—1 [e’s}
pa(y) = Eq Z HX, = y}‘| = ZPIJ(Xn =y, Ty >n)
n=0 n=0

defines a stationary measure.

The intuition is that p,(y) is the expected number of visits to y in {0, 1, ..., 7, — 1} for the chain started at
x and (p.p) (y) is the expected number of visits to y in {1,..., T} }, which is equal since Xy = Xp, = x.

Proof. Tonelli’s theorem shows that

Y ey, 2) =Y p(y,2) > Po(Xp =y, Ty > n)

n=0

m(Xn = yaTa: > n)p(y7z)

I
(]
(]

T

I
b
i
I
=
P
3
s
[
n
&3
\Y
2

for all z € S.
When z # z, we have

Z,U/m(y)p(yaz) = Z P:c(Xn = van+1 = Zva > TL)
Yy 2
=Y Po(Xnp1=2T, >n+1)
= Pu(Xp =2T, >m)

=Y Pu(Xp=2Ty >n) = 1)

n=0
since P, (X = z) = 0.
For the z = x case, we note that
po(x) =D Po(Xp = 2,Tp > n) = Pp(Xo = 2,T, > 0) =1,
n=0

SO

Z/@(y)p(y,x) = ZZPJZ(XTL = ann+1 =z,T; > n)

n=0 vy

o

n=0 vy

> Pu(T:=n+1)
n=0

sz(Tz:m) =1=pa(z)

m=1

since z recurrent implies T, € [1,00) a.s.
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Finally, we observe that p.(y) < oo for all y. To see that this is so, note that since x is recurrent, it follows
from Theorem 8.3 that if p,, > 0, then p,, = 1, hence p"(y,z) > 0 for some n € N.
As p, = pgp implies that p, = . p™, we have

1= p() = (zp”™) Zuz (w, ) > pa (y)p" (v, ),
1
On the other hand, if p,, = 0, then the definition of p, implies that p,(y) =0 < oco. ]

To complement the previous existence result, we have

Theorem 9.3. If p is irreducible and recurrent, then the stationary measure is unique up to multiplication

by a positive constant.

Proof. Fix s € S and define T, us as in Theorem 9.2. For any stationary measure v and any z # s, we have

v(z) =Y v(y)ply, z) = v(s)p(s,2) + Y _ v(y)p(y, 2)

Yy y#s

Repeating this decomposition gives

v(z) =v(s)p(s,2) + > | v(s)p(s,9) + > _ v(@)p(@,y) | p(y, 2)

y#s T#S
p(s,2)+ > _v(s)pls, y)p(y, 2) + Y > v(@)p(z,y)p(y, 2)
y#£s Y#Ss r#£s

=v(s)Ps(X1 = 2) + v(8)Ps(X1 # 8, X0 = 2) + P,(Xo # 5, X1 # 8, X2 = 2).

Continuing in this fashion yields

$) Y Pa(X1, oo, X1 # 8, X = 2) + Py(Xo, 000, Xn 1 # 5, Xpy = 2)

S)ZPS(Xl,... X1 #8,Xm=2)=v(s ZP Xm =2,Ts >m).

m=0

Letting n — oo shows that v(z) > v(s)us(z) for all z # s.

) >
Since ps(s) =1, we have v(s) > v(s)us(s) as well, hence v(x) > v(s)us(x) for all x € S.
Now v and s are stationary and us(s) =1, so

D v(@)p"(x,s) = v(s) = v(s)us(s) = v(s) Y ps(@)p" (@, s

x

and thus

> W) = v(s)ps(@) p"(w,5) = 0

for all n € N.

As v(x) > v(s)us(x), this implies that v(z) = v(s)us(z) for all z with p™(z,s) > 0. Because p is irreducible
and n is arbitrary, we conclude that v(x) = v(s)us(x) for all x € S. O
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The foregoing guarantees existence and uniqueness (up to scaling) of stationary measures under certain

relatively mild assumptions.

However, it may be the case that some (and thus every) stationary measure is infinite, so that no stationary

distribution exists.

Theorem 9.4. If there is a stationary distribution 7, then all states y € S with w(y) > 0 are recurrent.

Proof. Suppose that m(y) > 0 and recall that N(y) = Y52, 1{X = y} satisfies E;[N(y)] = pay >opeg PE,-
Thus if we start the chain in stationarity, we have
Ex[N@W)] = 3 7@ BN )] = > m(@)pay D ey < 3 7(@) D Py =D Pl
T T k=0 T k=0 k=0
On the other hand, since mp" = 7, we see that

ENW) = Y Pe(X =) = S S w@)p™ (@) = 3 7(y) = oc.
n=1

n=1 x n=1

Combining these equations shows that

hence py, = 1. ]

Now Lemma 9.1 says that if p is irreducible, then any stationary measure p has p(z) > 0 for all z, thus
Theorem 9.4 shows that if an irreducible Markov chain has a transient state, then it cannot have a stationary

distribution.

We will see shortly that recurrence is not quite sufficient for an irreducible Markov chain to have a stationary
distribution, but first we show that if one exists (which is necessarily unique by Theorem 9.3), then it must

be given by the following theorem.

1

Theorem 9.5. If p is irreducible and has a stationary distribution 7, then 7(x) =

Proof. Irreducibility implies that 7(z) > 0 for all z € S by Lemma 9.1, so Theorem 9.4 shows that all states

are recurrent.
It follows from Theorem 9.2 that -
n=0

defines a stationary measure with u,(z) = 1.

By Tonelli’s theorem and the layer cake representation, we have

Zﬂz(y) = ZZPI(Xn =y, T, >n)

y n=0

oo

=Y Y P Xp=y,To >n) =Y Pu(T, >n) = E,[T,].

n
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By Theorem 9.3, the stationary measure is unique up to positive scaling, so the unique stationary distribution
is given by
fa () 1

") = BIn] T B -

Observe that Theorem 9.5 gives the interesting identity

SR = Senten) = xl0) = g

A notable example of an irreducible Markov chain which does not have a stationary distribution is simple
random walk on Z: We have seen that the expected first return time is infinite, so Theorem 9.5 shows that
there cannot be a stationary distribution.

Definition. If a state x has E,[T,] < oo, we say that x is positive recurrent. If = is a recurrent state with

E.[T,] = oo, then x is called null recurrent.

Theorem 9.6. If p is irreducible, then the following are equivalent.

(1): Some z is positive recurrent
(ii): There is a (unique) stationary distribution

(iii): All states are positive recurrent.

Proof. If x is positive recurrent, then the preceding proof shows that

ey & -

defines a stationary distribution (which is unique by Theorem 9.3), thus (¢) implies (7).

If 7 is a stationary distribution, then Theorem 9.5 shows that 7(y) = for all y. Since Lemma 9.1

1
E,[T,]
implies that 7(y) > 0 for all y, we must have E,[T,] < oo, hence (i7) implies (ii7).

As (441) trivially implies (i7), the proof is complete. O

We observe that Theorem 9.2 and the proof of Theorem 9.5 show that if any state z is positive recurrent,
Ha(y)
E.[T;]
the communicating class [z] is closed and irreducible. Applying Theorem 9.6 to the chain restricted to [x]

then 7, (y) = defines a stationary distribution, regardless of irreducibility. Also, since x is recurrent,

shows that positive recurrence is a class property.

Thus we have an extra layer in our classification of states: Each communicating class is either recurrent or
transient, and each recurrent class is either positive recurrent or null recurrent. Moreover, for each positive
recurrent, class, there is a unique stationary distribution which is positive on all states in the class and 0 for

all other states.
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10. CONVERGENCE THEOREMS

If a state y is transient, then for all states x, we have

2P (@) = 3 Pl =) = BN ()] = P <o

n=1
hence p"(x,y) — 0 as n — co.

As termwise convergence to 0 is not sufficient for summability, the converse is not necessarily true.

Let N,(y) = > _, 1{X,, = y} be the number of visits to y by time n.

m=1

Theorem 10.1. Suppose that y is recurrent. Then for any x € S,

lim an(y) =

1
T, P,-a.s.
Jim -~ BT {T, < oo} a.s

Proof. We begin by considering the chain started at y. Let R(k) = inf{n > 1: N,(y) = k} be the time of
the k*" return to y.

Set t1 = R(1) =T, and ¢, = R(k) — R(k — 1) for k > 2. Since we have assumed that X, = y, the strong

Markov property implies that ¢, ts, ... are i.i.d. Thus it follows from the strong law of large numbers that

R(n) 1<
— == ;tk — E,[T,] P,-a.s.

Observing that R (N, (y)) is the time of the last visit to y by time n and R (N, (y) + 1) is the time of the
first visit to y after time n, we see that R (N, (y)) <n < R(N,(y) + 1), thus
R(Na(y) . 7 _R(Na(y) +1) Naly)+1
No(y) = Naly) — Na(y) +1 Nn(y)

Letting n — oo and noting that N, (y) — oo a.s. (because y is recurrent) yields

n
— — F,|T,] P,-a.s.

When the initial state is « # y, we first note that if T,, = oo, then N,,(y) = 0 for all n, hence

NRT(y)%Oon{Ty:oo}.

The strong Markov property shows that, conditional on {T, < oo}, ta,ts,... are iid. with P,(ty = n) =
P,(T, =n). It follows that

R(k)_ti to+ ...+t k—1

% Tk + 1 E 0+ E,[T,] P,-a.s.
Thus, arguing as before, we see that for all x € .5,
N, 1
() — P,-a.s.
n E,[T,]
on {T, < oo}. Adding our observation about the {T,, = co} case completes the proof O

Theorem 10.1 helps to explain the terminology for recurrent states: y is positive recurrent if, when we start

the chain at y, the asymptotic fraction of time spent at y is positive. y is null-recurrent if this fraction is 0.
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To connect this result with our opening remarks about the n — oo behavior of p™(z,y), we note that

NT(”) < 1, so the bounded convergence theorem gives

N Eg[Nn(y)] 1 P, (T, < o) Pay
- p"(x,y) = ———F 5 B, | ——U{T, < oo}| = = .
n mz::l n CLE T, Y E,[T,] E,[T,]
(This holds for y transient as well since E,[T,] = oo in that case.)
In particular, if y is positive recurrent and accessible from x, then % > 0, so it cannot be the case that

p™(z,y) — 0. In other words, if p,,, > 0 and p™(x,y) — 0, then y is transient or null recurrent.

More precisely, we have

1 n
Corollary 10.1. A recurrent class [w] is null recurrent if and only if - Z p"(x,y) = 0 for any/all
m=1

x,y € [w].

We are now in a position to upgrade Corollary 8.1 to

Theorem 10.2. Every irreducible Markov chain on a finite state space is positive recurrent and thus has a

unique stationary distribution.

Proof. We know that irreducible finite state space chains are recurrent. Suppose that such a chain was null

recurrent, then for any x,y € S % S p™(z,y) — 0. But since S is finite, this implies that

L= L @) =3 Y () 0,

m=1 vy m=1

a contradiction. O

The preceding analysis shows that the Cesaro mean % 221:1 p™(z,y) always converges.
Pey 1
E,1,] ~ BT,
However, the following simple examples show that the sequence p"(x,y) may not converge in the ordinary

If p is irreducible and positive recurrent, the limit is

=7(y).

sense:

Example 10.1. Consider the chain on Z/mZ with transition probabilities p(z,xz + 1) = 1, where addition
is taken modulo m. This chain is irreducible and positive recurrent (with uniform stationary distribution),

but p*(z,y) = 1 if k = y — 2 (mod m) and p*(x,y) = 0 otherwise, hence p*(z,y) is divergent for all x, .

Example 10.2. Consider the random transposition shuffle which proceeds by choosing two distinct cards at
random and interchanging them. This is the random walk on S,, driven by the uniform measure on transpo-
sitions. By construction, p¥(o,n) = 0 if k is even and sgn(o)sgn(n) = —1 or k is odd and sgn(c)sgn(n) = 1.
However, one can show that for any k > n, p*(z,y) > ﬁ if the parity of on and k agree.

In both cases, the periodicity problem can be sidestepped by adding “laziness” - that is, expanding the support
of the measure driving the walk to include the identity - so that the chain has some positive probability of

staying put at each step.
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Inspired by the obstructions to convergence in the preceding examples, we are led to make the following

definition,

Definition. For any z € S, set I, = {n > 1: p"(z,z) > 0}. d, = ged(,) is called the period of x where
ged(0) = oo.

Note that I, C N is nonempty precisely when p,, > 0. In this case, d, < min(I,). In particular, d, = 1 if
p(z,z) > 0.

Lemma 10.1. If z ~y, then dy = d,.

Proof. We may assume that = # y so that pgy,, py. > 0. Let K and L be such that pX(z,vy), p*(y,z) > 0.
Then

P (v y) > p"(y, 2)p" (x,y) > 0,
sody|(K+L).

If n is such that p™(z,x) > 0, then

PRy, ) > Py, 2)p" (z, 2)p" (2,y) > 0,

so we also have that d, |(K + L 4+ n), and thus dy, |n. As n € I, is arbitrary, it follows that d,, |d, .

Interchanging the roles of « and y shows that d |d, as well, and we conclude that d, = d,. ]

Definition. We say that a state x is aperiodic if d, = 1. If all states in a recurrent Markov chain are
aperiodic, we say that the chain is aperiodic.

Lemma 10.2. If d, =1, then there is an m, € N such that p™(z,x) > 0 for all m > m,.

Proof. We first observe that there is a finite F,, C I, such that ged(F,) = ged(I,) = 1. To see that this is
so, note that d(n) = ged (I, N [1,n]) is a nonincreasing N-valued function and thus can only decrease a finite
number of times. Let N = max{n € N:d(n) <d(n—1)} and set F, = I, N [1, N] = {b1, ..., b, }.

Now the Euclidean Algorithm shows that there are integers ay, ..., a, with Y. | a;b; = 1.

Set a = max; |a;|, b=, b;. For any m € N, there exist ¢,r € Ny with r < b such that
m:qb+r:q2bi+r2aibi :Z(q—i—rai)bi.

If ¢ > ab, then ¢ + ra; > 0 for all i. In other words, every integer greater than ab? can be written as a sum
of elements in F,, C I,. Since I, is closed under addition, this means that [, contains every integer greater
than mg = ab?. O
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If K is the transition matrix for an irreducible and aperiodic Markov chain with finite state space .S, then it
follows from Lemma 10.2 that there is an N € N such that K"(x,y) > 0 for all z,y € S whenever n > N:

For each z,y, there is an n(z,y) € N such that p™(®¥) (z,y) > 0 by irreducibility. Since S is finite,
M = max(, ,) n(z,y) exists in N.

Letting L = max, m, with m, as in Lemma 10.2, we see that for any n > L + M and any z,y € S,
p"(z,y) > p*@Y) (2, y)p" =) (y,y) > 0 since n(x,y) < M, hence n — n(z,y) > L > My

Now since K is stochastic, it has spectral radius 1, and since KV is a positive matrix, the Perron-Frobenius

theorem ensures that 1 is a simple eigenvalue.

Perron-Frobenius also shows that K has a left eigenvector 7 with 7K~ = 7, 7(z) > 0 for all x, and

>, m(x) = 1. It follows that K has unique and strictly positive stationary distribution 7.

Moreover, letting w = 1 denote the appropriately normalized right eigenvector with eigenvalue 1, Perron-

Frobenius implies limy, o0 (K )m = wm, the matrix with all rows equal to .

Finally, writing K in Jordan normal form and recalling that the eigenvalues satisfy A\g = 1 > |A1| > |A2| > ...,

we see that K™ converges as well (with exponential rate given by |A1]), hence K" (z,y) — n(y) for all z,y € S.

When the state space is countably infinite, we no longer have these linear algebra tools and the above
argument does not apply. However, if we tack on the assumption of positive recurrence (so that a stationary

distribution exists), we can still arrive at the same conclusion.

Theorem 10.3. Suppose that p is irreducible, aperiodic, and positive recurrent with countable state space

S. Then there is a probability measure ™ on S which satisfies

lim p"(z,y) = 7(y)

n—00

for all states x,y.

Proof. Define a transition probability p on S x S by

p((z1,51), (22,92)) = p(z1,22)p(Y1,Y2)-

For any z,y € S, aperiodicity gives p"(z,2) > 0 whenever m > m,, and irreducibility shows that there
exists n(z,y) € N with p"(@¥) (2, y) > 0.

It follows that for any (z1,91), (z2,42) € S x S,

sn(xy,ze)+n(yL,y2)+m

P pn(xl,xz)+n(y1,y2)+m(

(z1,91), (w2,2)) = Jpr e Enlyy)tm iy, )

> pn(xl,wz)(mhxz)pn(yl,yz)+M(x27xz)pn(yhyz)(yl’ yz)pn(£17$2)+7n(y2’ yz) >0

Z1,T2

whenever m > my, V my,, hence p is irreducible.
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Also, since p is irreducible and positive recurrent, it has a unique stationary distribution, .
Define 7 ((z,y)) = m(z)m(y). Then 7 is a stationary distribution for p since
Yo T((wy)p(wy) (w,2) = D m(w)p(w,z) Y w(y)ply, 2) = w(@)w(z) = 7 ((x,2)) .
(w,y)eSXS weS YyEs
Since p is irreducible and has a stationary distribution, it follows from Theorem 9.6 that all states in .S x .S

are positive recurrent.

Now let (X,,,Y;,) be a Markov chain on S x S with transition probability p and let T' = inf{n : X,, =Y, } be
the hitting time of the diagonal D = {(y,y) : y € S}. Since p is irreducible and recurrent, the hitting time
of any point in D is a.s. finite (by Theorem 8.3), thus 7' < co a.s.

By considering the time and location of the first intersection and appealing to the Markov property, we see
that

n
P(X,=y,T<n)=Y Y P(T=mXn=2,X,=y)

m=1zeS

=3 Y P(T=m,Xpm =2)P(Xp =y|Xpm =2)
m=1z€eS

=3 Y P(T=m,Yy =2)P(Y, =y|V, =)
m=1z€eS

=PY,=y,T <n).
It follows that

PX,=y)=PX,=yT<n)+PX,=y,T>n)
=PY,=yT<n)+PX,=yT >n)

Since
P(YnZQ)ZP(YnZy,T§”)+P(Yn=y,T>”),
we have
|P(X, =y)—PY,=y)|=|P(X,=y,T>n)—P(Y,=y,T >n)|
<PX,=y,T>n)+PY,=y,T>n),
and thus

Y IP(Xy =y) - P(Y, =y)| <2P(T > n).
y
If we take Xy = z, Yy ~ m, this says that

D P (@,y) — 7 (y)] < 2P(T >n) =0

and the proof is complete. O
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11. COUPLING

Let p denote the transition function for a time homogeneous Markov chain X, X1, ... on a countable state
space S, so that p(z,y) = P (X1 =y |Xe =a) for all t € Ny, z,y € S.

The k-step transitions are given recursively by

Pi(@2) =P (Xpp =2|Xs =2) =Y p" N, 9)p(y, 2).
yeS

In the |S| = N < oo case, we think of p as an N x N matrix and the above is just the formula for matrix

exponentiation.

In general, p is an operator which acts on functions (“column vectors”) by

(pf) (@) =>_pla,y) f(y) = B [f(Xep1) | X; = 2]
Y
and acts on probabilities (“row vectors”) by
(1p)(y) = > pl(@)p(a,y) = P (Xpp1 =y | X; ~ p).
x
Thus if the chain has initial distribution py = £ (Xj), then the distribution of X; is popt.

We know that if p is irreducible, aperiodic, and positive recurrent, then it has a unique stationary distribution

m and lim, . p"(z,y) = 7(y) for all z,y € S.

(If S is finite, the assumption of positive recurrence is redundant.)

In applications such as MCMC, we want to know how fast the chain converges - that is, how big does ¢ need

to be for popt to be close to .

To make this question more precise, we need a metric on probabilities.

Definition. The total variation distance between probabilities 1 and v on a countable set S is defined as

= vy = 5 3 luls) — (s)]

seS

It is routine to verify that total variation defines a metric, and that we have the equivalent characterizations

e = Vllzy = max (u(A) — v(4))

|
= 5, Bl = Bl

(The maxima are attained by A = {s: u(s) > v(s)} and f =14 — 14c.)

Also, it is clear from the original definition that ||u, — v||;, — 0 implies u, — v pointwise. The converse

implication does not necessarily hold when the state space is infinite.

Note that the proof of Theorem 10.3 actually established that p}} — 7 in total variation.
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When speaking of Markov chain mixing, we often want a measure of distance which is independent of the

initial distribution, so we define
d(t) = sup [|pop" — 7[| 7, -
Ho
In the case where the initial distribution is a point mass, we write p!, = §,p’.

It is left as an exercise to show that an equivalent definition is

d(t) = sup||ph, — 7, -

Also, it is often useful to consider the distance between two copies of the chain started at different states,

and we define

d(t) = sup ||pL —p! .
oyes H x yHTV
Another good exercise is to establish the inequality

d(t) < d(t) < 2d(t).

One of the main goals in the modern theory of Markov chains is to estimate the e-mixing time

tmix(f) = min {t € Np: d(t) < 6} .

Remarkably, in many cases of interest the mixing time is asymptotically independent of ¢.

Here we are thinking of a sequence of chains p(yy,p(2), ... where p(,,) has state space S, stationary distri-

bution 7(,), and e-mixing time tigl)z(s)

For example, p(,) may represent a particular method of shuffling n cards, simple random walk on the n-

dimensional hypercube, Glauber dynamics for the Ising model on the torus (Z/nZ)", and so forth.

We say that the sequence p(,) exhibits the cutoff phenomenon if
(n)
e g (1-e)
for all € € (0,1).
This means that t,,;,(¢1) and ¢,,;.(e2) differ only in lower order terms.

Writing

d(n) (t) = sup ‘ 5xp€n) — T(n)

’
IES(W) TV

this is equivalent to the requirement that

n 1, <1
lim d(n) (Ctgnz)z) = ¢
n—00 0, c¢>1

=¢™ (1). (The choice of 1 is arbitrary but standard.)

where tf:l)l i
That is, when time is scaled by tf:i)x, d(n)(t) approaches a step function. Essentially, the distance to equilib-

rium stays near 1 for a while and then abruptly drops and tends rapidly to 0.
70



A classical method of bounding mixing times is based on the notion of coupling. (In fact, this was the

technique used to prove Theorem 10.3.)

Definition. If ;4 and v are probabilities on (S, S), we say that (X,Y) is a coupling of p and v if X and YV
are S-valued random variables on a common probability space (€2, F, P) such that P(X € A) = u(A) and
PY € A)=v(A) forall AeS.

Lemma 11.1. If (X,Y) is a coupling of u and v, then |p—v||p, < P(X #Y).

Proof. For any A € S,
wA)—v(A)=P(X € A)—P(Y € A)
=PXeAX#Y)+P(XecAX=Y)
—PYeAX#£Y)-PYeAX=Y)
PXeAX#AY)—PY €A X#Y)
<PXeAX#AY)<P(X#Y). O

When S is countable, one can show that there always exist couplings for which the inequality is an equality,

hence we have the additional definition of total variation:

I — v||py = min {P(X #Y): (X,Y) is a coupling of 1 and v} .

* Briefly, one defines w on S x S by

w(z,z) = min{u(z),v(2)},
(u(z) —w(z,z)) (v(y) — w(y,y))
1- Zz ’LU(Z, Z)

and checks that (X,Y) ~ w is a coupling with P(X #Y) = ||u — v| ;. We leave the verification of this

claim as an exercise.

w(x,y) =

Definition. A coupling of a transition probability p on a countable state space S is an S x S-valued process
{(Xt, Y1) },cn, defined on some probability space (€2, F, P) such that, marginally, {X;} and {Y;} are each
Markov chains with transition probability p.

Note that we do not require {X;} and {Y;} to proceed independently or that {(Xy,Y;)} is a Markov chain.

Theorem 11.1. Suppose that {(X¢, YY)}y, 8 a coupling of p with Xo ~ p, Yo ~v. If T is a random time
such that Xy =Y; on {T < t}, then
1" = vp'l| 3y < P (T >1).

Proof. By construction, (X;,Y;) is a coupling of up' and vp'. Since {X; #Y;} C {T > t}, the coupling
lemma implies
HuptfyptHTVSP(Xt7éYt)§P(T>t). O

71



When v = 7, Theorem 11.1 gives the bound ||up" — ||, < P(T > t).

It can also be convenient to take = &, and v = &, to get ||p’ < P(Tyy >t).

t
=l
One can then bound the distance to stationarity using

d(t) < d(t) < sup P(Ty,, > t).

z,y

Typically, one considers couplings {(X¢, ¥3) }ten, with the property that X; =Y; implies X;11 = Yiy1.
In this case, we can take T' = inf{t > 0: X; = Y;}.

Definition. A faithful coupling of a Markov chain with transition matrix p and state space S is a Markov
chain on S x S whose transition probability, ¢, satisfies

(1) Xyesal(zy), (2',y) = p(z,2') for all z,y,a’ € S.
(2) >oesa((z,y), (@,y) =ply,y) for all z,y,y" € S.

Faithful couplings can be modified so that the two trajectories stay together after colliding.

To wit, suppose that {(X;,Y;)};o, is a faithful coupling of p and let T = inf{t > 0: X; = Y} }.
Y, t<T

Define Z; = X pe7 Then Zy ~ Z(Yy), Xty1 = Zty1 whenever X; = Z;, and the strong Markov
2] >

property implies that (X;, Z;) is a coupling of p. (This trick may not work for unfaithful couplings.)

The general idea is that we start one copy of the chain in a specified distribution, let another copy begin
in stationarity, and then let them evolve according to the same transition mechanism until they meet and
proceed simultaneously forever after. As the second chain was stationary to begin with, it remains so for all
time, thus the first chain must have equilibrated by the time they couple.

Though the preceding argument captures the intuition, it is not strictly correct as it overlooks a subtle point:
Y; ~ 7 for all ¢ does not guarantee that Y, ~ 7 for a stopping time 7.

For example, consider the chain with state space {z,y} and transition probabilities p(z,y) = 1, p(y,x) =

p(y,y) = % It is easy to see that m(z) = %, w(y) = % is stationary for p. If we let {X;} be a copy of the
chain started at y, let {Y;} be another copy of the chain with initial distribution 7, and let T be the coupling
time of {X;} and {Y;}, then we necessarily have that Y = y since W; = z implies that W;_; = y for any

chain {W;} having transition probability p.

Nonetheless, the coupling bound on variation distance still holds and can be quite useful.

Example 11.1 (Lazy Random Walk on the Hypercube). Here S = (Z/2Z), p(z,z) = %, p(z,y) = 5 if x

and y differ in exactly one coordinate, and p(z, z) = 0 otherwise.

That is, at each step we flip a fair coin. If it comes up heads, we stay put. If it comes up tails, we choose

one of our d neighbors uniformly at random and move there.

As an irreducible random walk on a finite group (or a simple random walk on a finite regular graph),
the stationary distribution is uniform. The % holding probabilities ensure aperiodicity, so the convergence
theorem implies that distribution of the position at time ¢ will approach the uniform distribution as t — oc.

We want to know how fast it converges.
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To this end, we let Xg = = and let Y have the uniform distribution on S. Let Uy, Us, ... be i.i.d. uniform on
{1,...,d} and let V1, V5, ... be i.i.d. uniform on {0,1}. All random variables are taken to be independent.
At time ¢, the U coordinate of each chain is set to V; and the others remain as they were.

In other words, at every time step we pick a coordinate at random and set its value (in both chains) to 0 or

1 according to a toss of a fair coin.

It is easy to see that {X;} and {Y;} are each evolving according to p. Moreover, the two chains agree in
coordinate U, from time ¢ onward, so they have coupled by time T' = inf {¢ : {U4,...,U;} = {1,...,d} }.

Since T' does not depend on the initial state, Theorem 11.1 shows that
d(t) = sup||p}, — 7THTV < P(T >t).
x
Thus the variation bound reduces to a coupon collector problem:

If we let At = {k ¢ {Uy,...,U;}} for k=1, ...,d, then

d 1 t
P(T>t):P<U A@) gdP(Aﬁ):d<1—d> <de 1.

k=1
Therefore, if ¢ = dlog(d) + c¢d where ¢ > 0 is chosen so that ¢t € N, then d(¢) < e™¢, hence the mixing time is
O (dlog(d)).

* Using a more sophisticated coupling or other techniques such as Fourier analysis, along with lower bound

arguments like Wilson’s method, one can show that the correct rate is %dlog(d).

We conclude our discussion with a look at grand couplings.

The idea here is to build copies of the chain started at each possible initial state using a common source of

randomness.

In other words, we wish to construct a collection of random variables {X7 : z € S,t € No} on a common
probability space (€2, F, P) such that for each x € S, {X7}2°, is a Markov chain with transition probability
p and initial state X§ = x. To apply the coupling bound, we also need the various trajectories to stay

together after their first meeting.

One way to achieve such a setup is through a random mapping representation of p, which is a pair (f, Z)
such that Z is a random variable on (2,7, P) and f : S x Q — S is a (deterministic) function satisfying
P(f(z,Z2)=y) =p(x,y) for all z,y € S.

It is left as an exercise to show that every transition probability on a countable state space S admits a

random mapping representation.

(Hint: Let Z ~ U(0,1) and consider the array F; ; = Zf;:lp(si, s) where p is the transition function and

{s1, s2,...} is an enumeration of the state space.)

If (f,Z) is a random mapping representation for p and Z, Zy, Z1, ... is an i.i.d. sequence on (2, F, P), then

a grand coupling is given by taking X§ = x and X[, | = f(X}, Z;) for each x € S, t € Ny.
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Random mapping representations can be represented more compactly as iterates of random functions by
writing fi(-) = (-, Z4).
If we define

F/ =fj_10fj_a0--0fir10 fifori<j,
then X; = F}(Xy) is a forward simulation of the Markov chain with transition probability p and initial
distribution .Z(Xj).

The coalescence time is defined by
T, = inf{t : F} is a constant function}.
It follows from the coupling lemma and the fact that d(t) < d(t) that we have the variation bound

d(t) < P(T,. > t).

* Note that the unique element in the range of FOT ° is not necessarily distributed according to 7 as evidenced

by the two-state example given previously. However, if
R. = inf{t : F°, is a constant function},

then F°p (x) ~m.

This observation lies at the heart of the perfect sampling scheme known as coupling from the past.

(Roughly, by time homogeneity and the convergence theorem,

lim P (F°(z)=y) = Jim P (Fi(z) =y) =n(y),

t—o0

so FO

—00)

E° ~ .
If r > R., then

FO . =f 0-of g ofpg_10of,=Flpofp_100f,=FF,
hence FERC =F°_ ~m.
This trick does not work in the forward direction, because if ¢ > T, then
F{=fi—10--ofpofr,_10--0fo=fi_yo---ofr, 0F

is not equal to F,* in general.)

Example 11.2 (Metropolis chain for proper g-colorings). Let G = (V, E) be a graph. A proper g-coloring
of G is an element x € {1,2,...,q}" such that z(u) # z(v) whenever {u,v} € E (henceforth u ~ v).

We can generate an approximation to the uniform distribution on the set A of proper g-colorings of G using
the Metropolis algorithm:

From any coloring z, select a vertex v uniformly from V and a color j uniformly from [g]. If j # x(u) for

any u ~ v, assign v the color j. Otherwise do nothing.
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By applying these dynamics on the larger space A= [q]Y', we can use a grand coupling to prove

Theorem 11.2. Let G be a graph with n vertices and mazimal degree A. For the Metropolis chain on proper

q-colorings of G with ¢ > 3A, we have

tmiz(€) < (1 - ?’qA>_1 nlog (g) .

Proof. Let (v, ko), (v1,k1), ... be i.i.d. uniform on V x [g], and for each z € A, define {XFhiso by X§ =2

and

. ke, v =vg, XF(u) #kt for all u ~ v
XtJrl(v) :{ X:Et t t t )
E(v), else

Define the metric p on A by

ple,y) =Y 1{z(v) #y(v)}.

veV

Also, for each x € /~\, v € V, denote the set of colors of neighbors of v in = by
N(z,v) ={j € [q] : z(u) = j for some u ~ v}.

Now suppose that x,y € A are such that p(x,y) = 1. Then z and y differ at only one vertex, say w.

Let’s see what happens to the distance after an update.

Since N (z,w) = N(y,w) by assumption, we have

1 — N(z,w - A
Pp(XZ,XY)=0) =P (vo=w, ko ¢ N(z,w)) = — - L Wz, w)l , a=4

n q nq
Similarly,

P(p(X{,X{)=2) < P(vo ~w, ko =y(w)) + P (vo ~ w, ko = z(w))

:|{u€V:u~w}|'1+|{UEV:u~w}|.1<%.

n q n q  ng

The only other possible value for p(X{, X{) is 1, so we have

Elp(X{,X{) =1 = —1-P(p(XY, X{) =0) + 0 P (p(X{,X{) =1) + 1- P (p(X7, X{) = 2)
<%7q—A 3A —gq
- ong ng ng

b

or
q—3A

nq
If #, 2 € A are such that p(x,z) = r, then there exist zg = z,x1,...,xr—1, 2, = z such that p(z;_1,2;) =1

Elp (X7, X{)] <1-

fori=1,...,r.

It follows from the triangle inequality and the preceding estimate that

Elp (X5, X7)] < ;E e x)] < (1-122) < gt (1- 222)).
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Since the chain is time homogeneous, we have

—3A
Elp(X7, X)) [ Xy =20, Xy = 2 | = B [p (X771 X07)] < plwi, 20) <1 - ng ) ;

so taking expectation with respect to (X7, X7 ;) gives

Bl (X, X0)] < Bl x) (1- 22,

and thus

q—3A>t

Bl X)) < o) (1- L2

by induction.

Now Chebychev’s inequality shows that

P(XP # X7) = P(p(X{, X7) 2 1) < Elp (X7, X7)]

—3A\’ —3A\"
Sp(w)(l—q i ) Sn(l—q ; )
nq nq

d(r) < d(t) < max P(XF # X7) < max P (X7 # X7)

z,zEA z,2EA

t
<n<1—q_3A> <nexp(—q_3At>.
ngq ngq

-1
Since we assumed that g > 3A, taking t > (1 - %) nlog (g) gives

for all z, z € /~X, hence

d(t) < nexp (_q _nsAt> < ne—los(%) — o
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12. PROBABILITY PRESERVING DYNAMICAL SYSTEMS

Much of our investigation of probability theory has revolved around the long term behavior of sequences of
random variables. We continue this theme with a cursory look at ergodic theory. Roughly speaking, ergodic
theorems assert that under certain stability and irreducibility conditions time averages converge to space

averages. As usual, we begin with some definitions.

Definition. A sequence Xg, X1, ... is said to be stationary if (Xo, X1, ...) =4 (Xg, Xg+1,...) for all k € N.

Equivalently, Xg, X1, ... is stationary if for every n, k € Ny, we have (Xo, ..., Xp) =4 (X ooy Xntk)-

We have already seen several examples of stationary sequences. For instance, i.i.d. sequences are stationary,
and more generally, so are exchangeable sequences.

Another example of a stationary sequence is a Markov chain Xy, X1, ... started in equilibrium.

To treat the general case, we introduce the following construct.

Definition. Given a probability space (2, F, P), a measurable map T : Q@ —  is said to be probability
preserving if P (T~'A) = P(A) for all A € F, where T"'A = {w € Q: Tw € A} denotes the preimage of A
under 7.

We say that the tuple (0, F, P,T) is a probability preserving dynamical system.
Iterates of T and 7! are defined inductively by 7°w = w and, for n > 1,
T =ToT" !,
T =T"tor "=V = (™)~

* We use the inverse image in our definitions because A € F does not necessarily imply that TA € F.
Also, beware that some authors say that “P is an invariant measure for 77 rather than “T" preserves P.”

Finally, observe that since the push-forward measure T,P = P o T~ ! is equal to P, the change of variables

/QfonP:/Qde*P:/QfdP

for all f for which the latter integral is defined.

formula shows that

If X is arandom variable on (2, F, P) and T : 2 — Qis probability preserving, then X,,(w) = X (T"w) defines
a stationary sequence since for any n, k € N and any Borel set B € B! if A = {w: (Xo(w), ..., X (w)) € B},
then

P (X, Xpin) € By =P (T7%A) = P(A) = P ((Xo,...,Xn) € B).

In fact, every stationary sequence taking values in a nice space can be expressed in this form:

If Yy, Y1, ... is a stationary sequence of random variables taking values in a nice space (5,S), then the Kol-
mogorov extension theorem gives a measure P on (SN0, SN0) such that the coordinate projections X, (w) = wy,
satisfy (Xo, X1,...) =a (Yo, Y1,...). If we let X = Xy and T' = 6 (the shift map), then T is probability pre-
serving and X, (w) = w, = (0"w)o = X (T"w).
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In light of the preceding observations, we will assume henceforth that we are working with stationary se-
quences of the form X, (w) = X(T"w) for some (5,S)-valued random variable X defined on a probability
space (€, F, P) and some probability preserving map T :  — Q.

For subsequent results, we will need a few more definitions.

Definition. Let (Q, F, P,T) be a probability preserving dynamical system. We say that an event A € F
is invariant if T-'A = A up to null sets - that is, P ((TflA) AA) = 0 where A denotes the symmetric
difference, EAF = (E\ F)U (F \ E).

A random variable X is called invariant if X o T = X a.s.

It is left as an exercise to show

Proposition 12.1. 7 = {A € F : A is invariant} is a sub-o-field of F, and X € T if and only if X is

invariant.

Definition. We say that T is ergodic if for every invariant event A € Z, we have P(A) € {0, 1}.

Ergodicity is a kind of irreducibility requirement: 7T is ergodic if Q cannot be decomposed as 2 = ALl B
with A, B € Z and P(A), P(B) > 0.

Ergodic maps are good at mixing things up in the sense that they don’t fix nontrivial subsets.
A useful test for ergodicity is given by
Proposition 12.2. T is ergodic if and only if every invariant X :  — R is a.s. constant.

Proof. Suppose that T is ergodic and X oT = X a.s. For any a € R, the set £, = {w € Q: X(w) < a} is
clearly invariant since T7'E, = {w : X(Tw) < a} = E, a.s. Ergodicity implies that P(E,) € {0,1} for all
a € R, hence X is a.s. constant.

Conversely, suppose that the only invariant random variables are a.s. constant, and let A € Z. Then 14 is

an invariant random variable, and thus is a.s. constant, and we conclude that P(A) € {0,1}. O

Note that the above proof also holds if we restrict our attention to classes of random variables containing
the indicator functions, such as X € L? (Q, F, P).

* For the sake of clarity, we will sometimes use the notation of functions rather than random variables, but

ultimately the two are the same.

Example 12.1 (Rotation of the Circle). Let (2, F, P) be [0,1) with the Borel sets and Lebesgue measure.
For o € (0,1), define T, : @ — Q by Tp,x = 4+ a(mod 1). T, is clearly measurable and probability

preserving.
* We consider T, a rotation since [0, 1) may be identified with T = {z € C : |z| = 1} via the map z + e*™®.

If a € Q, then a = 2 for some m,n € N with (m,n) = 1, so for any measurable B € [0, ;-] with P(B) > 0,
the set O(B) = Z;é (B + £ (mod 1)) is invariant with P (O(B)) € (0,1), thus T}, is not ergodic.

2min

(Alternatively, the function f(z) =e is nonconstant and invariant.)
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However, T, is ergodic whenever o ¢ Q. To see that this is so, we note that any square-integrable
f:[0,1) — R has Fourier expansion _, ., cxe*™*** where ¢}, = fol f(x)e 2™ dy and

Z cpe®™ ™ 5 f(z) in L? ([0, 1)).

k=—n

If f is invariant, then we have

f(x) _ f(TQIE) _ Z Cke%rik(era(mod 1)) _ Z Ck627rikae2m’kw
kEZ kEZ
(where equality is in the L? sense). Uniqueness of Fourier coefficients implies that c; = cpe? ™ for all
k € Z. Since « is irrational, e?™*< £ 1 for k € Z \ {0}, so it must be the case that c; = 0 for k # 0.
It follows that any invariant f € L? is constant, which shows that T, is ergodic.

Example 12.2 (Affine Expanding Maps). Again take (2, F, P) to be [0,1) with Lebesgue measure.
For any integer d > 2, define Tyxz = dx (mod 1). Note that Td_lx = {% + % :j=0,1,...,d— 1}. (Throughout
this example, all operations are taken modulo 1 and we suppress the mod notation for convenience.)
For any interval I = [a,b) with 0 < a < b < 1, T; 'T can be expressed as the disjoint union 7;; ' T = U?;é I

: o _ |ati btJ
w1thlj—{d,d),so

P(Td‘ll)g(szagj> d<bd“> — P(I).

<

Thus, by a m — A argument, T} is probability preserving.
To establish ergodicity, we suppose that f € L? is invariant with Fourier series Y, c;e?™*2.
Then
f (le’) _ Z Ck€2m'k(da;(mod1)) _ Z CkeZTrikdx,
kEZ keZ
so comparing coefficients with f(z) = 3, cxe*™*® shows that ¢ = cqy. Iterating yields ¢ = cqp = cgop, = ...
Since Parseval’s identity gives

1
S el = / @) de < oo,

keZ
it must be the case that ¢, = 0 for all & ## 0, hence f is constant.

Before moving on to the ergodic theorems, we present the following simple yet incredible result due to Henri

Poincaré.

Theorem 12.1 (Poincaré Recurrence Theorem). Let (2, F,P,T) be a probability preserving dynamical
system, and let U € F. Then for almost every w € U, T"w € U infinitely often.
If T is ergodic and P(U) > 0, then P (T"w € U i.0.) = 1.
Proof. Let U, = U;in T~IU be the set of points w € €2 that enter U at least once at or after time n.
Then U, 1 = T7'U,, so
P(Upi1) = P (T7'U,) = P(Uy),

hence P(U,,) = P(Up) for all n by induction.
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Setting W =", Up = {w € @ : T"w € U i.0.} and noting that Uy 2 Uy 2 U, ..., it follows from continuity
from above that

P(W) = lim P(U,) = P(Up).
The set of points in question is V.= UNW. Since U,W C Uy and P(Uy) = P(W), we conclude that
P(U) = P(V).
For the second claim, note that W is invariant, so ergodicity implies that P(W) € {0, 1}.
Since P(W) > P(V) = P(U) > 0, we must have P(W) = 1. O

To put Theorem 12.1 in perspective, suppose that {2 is a separable metric space and F contains the Borel
sets for the metric topology. Then we can cover 2 with countably many open balls of arbitrarily small
radius, and almost every point in each ball returns to its neighborhood of origin infinitely often. It follows
that P (liminf, . d (T"z,2) =0) = 1.

This interpretation of the recurrence theorem lends itself to all sorts of amusing inferences about thermody-

namics, cosmology, and so forth, but we will resist the urge to indulge in such speculations here.

A natural question to ask after seeing Theorem 12.1 is “How long does it take to return?” The following

result (due to Mark Kac) says that if T is ergodic, the expected first return time for a point in A is PlA)

Theorem 12.2. Let (2, F, P,T) be a probability preserving dynamical system with T ergodic, and suppose
that A € F has P(A) > 0. Define 74(w) = inf{n >1:T"w € A}. Then

/ ToAdP = 1.
A

* In what follows, equality and inclusion are taken to mean “up to a null set.” Because the relevant definitions

Proof.

are stated in these terms and all constructions are countable, there is no harm in being loose on this point

and the argument is much clearer without constant qualification.

For each n € N, set 4,, = {w € A: 74(w) = n}. The A,’s are disjoint and the recurrence theorem implies
that their union is A.

Consequently, we have

iP(An) =P <G An> = P(A).

Similarly, for n > 1, define B,, = {w € Q : 74(w) = n}, and let B = U2, B,,.
Since

T'B,={weQ:TweB,}={weQ:T""wecATrw¢g Afor2<k <n} =B, 1 UT '4,,

we see that

T 'B= ) B, 1 UT14,) = ~ B, |UT™! - A,
( )
n=1

= m=2 n=1

G Bm> UT 14 = G B, =B,
m=2

n=1

VR

hence B is an invariant set.
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Moreover, A, C B, by definition, so A C B, and thus P(B) > P(A) > 0. Therefore, it follows from
ergodicity that P(B) = 1.
Since the B,,’s are disjoint, we have

> P(B,)=P(B)=1.
n=1
Now we can write o .
/ T4dP = an =Y > P(Ap),
n=1k=n
so if we can show that > ;- P(Ax) = P(B,), then we will obtain

oo

/TAdP ZZPAk :Z

n=1k=n n=1

as desired.

When m = 1, we have By =T~ A by definition, so P(B;) = P(A) = >, P(A).

Now suppose that Y 7o P(Ay) = P(B,,). Since T™'B,, = B,11 UT'A,, with B, 1 and T~'A4,, disjoint

(because w € T~1A,, implies Tw € A,, C A and thus w ¢ B,,;1), the fact that T preserves P implies
P(B,) =P (T7'B,) = P(Buy1) + P(T"'A,) = P(By41) + P(4,),

so the inductive hypothesis gives

P(Brs1) = P(Bu) = P(A) = 3 P(A) = P(An) = 3 P(Ap).
k=m k=m+1

This completes the inductive step and the proof. O
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13. ERGoDIC THEOREMS

Suppose that (2, F, P,T) is a probability preserving dynamical system. If f is a real-valued measurable
function on  (i.e. a random variable), we define the n'® Birkhoff sum as

n—1

i)=Y f(Th),

k=0

so that %f” gives the time average over orbit segments of length n.

Ergodic theorems are statements of the form %f” — f where f is invariant with fQ fdP = fQ fdP.

Ifg=f 14 for A€ Z, then

n—1 n—1 n—1
1 1 1 1 1
EQ” = ];)(f 1a)oTF = - ;O(f 0Ty )lp-rg = - ];(foTk)lA = Ef” “1a,

SO

0
/A?dP:/dipz/diP:/AfdP.

(In the cases we consider, g will satisfy the assumptions of an ergodic theorem if f does.)

Thus, in probabilistic terms, f = E[f |Z].

When T is ergodic, f must be a.s. constant, hence f = E[f] - the space average.

The first proof of an ergodic theorem was by John von Neumann in 1931, establishing convergence in L?

(and thus in L! by an approximation argument). This result is known as the mean ergodic theorem.

von Neumann’s paper was not published until 1932, by which time George Birkhoff (after hearing about the

former’s work) had already published a proof of the pointwise ergodic theorem establishing a.s. convergence.

We begin with a cute proof of the mean ergodic theorem in L? due to Frigyes Riesz.

Theorem 13.1. Let S ={g € L? : goT = g} and let Ps be the projection from L? onto S. For all f € L2,
one has ~ f" — Pgf in L?.

Proof. Define the Koopman operator U : L2 — L? by Uf = f o T. Then
W1.Ug) = [ (0H@T@)dP)

~ [ T@irw)
- [GD@dr@ = (1.9

where the penultimate equality used the fact that T preserves P.

* This shows that (f,g) = (Uf,Ug) = (f,U*Ug) for all f,g € L?, so U*U is the identity. A bounded linear
operator with this property is said to to be an isometry. If U is surjective as well, then UU* is also the
identity and we say that U is unitary.

Now set W = {Uh — h : h € L?}. We will show that W+ = S.
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To see that S C W, let f€ S, g€ W sothat f =Uf and g = Uh — h for some h € L?. Then

<fag> = <faUh_h> = <faUh> - <.f7h> = <UfaUh> - <.f7h> :07
so, since g € W was arbitrary, we have that f € W=,

For the reverse inclusion, let f € W+ so that for every h € L?, we have (f,Uh — h) = 0, hence

(fih) = (f,UR) = (U"f, h)

Since h was arbitrary, this implies that U* f = f.

Accordingly, we have

WUf =1l = (Uf = 1.Uf = 1)
=ULUS) UL = LU+ f)
= £z = (£.UF) = (U £.0) + 1£13
=2|Ifl; - 2(f. /) =0,
and we conclude that f € S.
Since W is clearly a subspace of L? (though not necessarily closed), we have L2 =W @ W+ =W @ S.

(If V is a closed subspace of a Hilbert space H, then H =V @& V+.
Since W C W, Wl C WJ-, SO H=W€9WL CW+W+CH.

To see that the latter sum is direct, note that x € W N W+ implies (z, ) = (z,lim, z,,) = lim,, (z,2,) = 0.)

Now if f € S, then U*f = f for all k > 0, so

1 1 n—1
~fr=_> Uf=—nf=1,
k=0
hence %f” — f=Psf.
Ifg=Uh—heW, then
n—1 n—1
g" =Y Urg=> (U""'h—U*n) =U"h - h,
k=0 k=0

thus 1g" = L (U™h — h) — 0 = Pgg. (Recall that convergence is in the L? sense.)

If g € W, there exists a sequence g; € W with g; — g, so for any £ > 0, taking i so that ||g — g;||, < € shows

that we can take n large enough that

n—1 n—1 n—1
1 k 1 k 1 k
gZUg SEZHU (9*92‘)”2+ EZU% < 2¢,
k=0 2 k=0 k=0 2
since U is an isometry and 2 377  Ukg; — 0,50 Lg" — 0 for g € W.
Finally, if F € L2, then F = f + g with f € S, g€ W, s0 2Fn = Lo Lgn sy popin [2, 0

* Note that the limit function f = Psf is the projection of f onto the space of T-invariant functions in L2
Theorem 1.6 shows that this is E[f |Z].

Also, it is worth observing that the above proof shows more generally that if U is a linear isometry on a
Hilbert space H, then H% Z;é Ukg — Pker(U_I)acH — 0 for all z € H.
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Analogous to the development of conditional expectation in terms of projection, we have
Corollary 13.1. If f € L', then L f* — f in L' where f is invariant with [, fdP = [, fdP.

Proof. Since bounded L' functions are dense in L' and are square integrable, for any £ > 0, there is a
g€ L ={h e L':|h|, < oo} such that ||f —g|, < e. Since g € Lj C L?, Theorem 13.1 shows that
%g” — g in L? where g = Pgg.
As |ll; < |Ill5 (by Holder’s inequality), we have that g™ — gin L.

|1 n

Now choose n big enough that ] =g = §H1 < €. Since

1 n 1 n
g

n n

ln—l
<M= o Tt <1 — gl <,
k=0

we have that H%f” —§H1 < H%f” — %g"”l + ||%g" —ng < 2¢ for n sufficiently large.
Eliminating g shows that for all large m,n, we have
1 1

n m

< 4e,
1

1
|t -a
n

i

1 1
SO ff” has a limit f in L' (by completeness).
Invariance follows from uniqueness of L' limits since

1 1< n+1 1 <« 1 _
—ftoT == " = . ™ — ~—f —
~f"o nkZ:lfo - n+1k§fo ~f = T,

and

lim
n—oo n— o0

f"oT foT’dP— lim /‘( f"—) ‘dP— lim /‘if”—f’dP:O.

Finally, L' convergence, Fubini’s theorem, and the fact that 7' preserves P imply

— n j— —_ k — —
/fdP Tim. f dP = nl;n;onz/foT dP = nlgr;onZ/fdP /QfdP.

Qn

The key to proving the pointwise ergodic theorem is

Theorem 13.2 (Maximal Ergodic Theorem). Suppose that f € L' and define
M(f) ={z € Q:sup,>; f"(z) > 0}. Then fM(f) fdP > 0.

Proof. Write Fy(z) = maxo<r<n f¥(x) where we adopt the convention that f° = 0.

Then Fy < F» < ... pointwise, so the sets My (f) = {z € Q: Fy(x) > 0} form a nested increasing sequence
with M(f) = Ux_, Mn (f)-

Now for every Kk =0,1,..., N,

Fy(Tx) + f(z) = f(z) + max f/(Tz) > f(z) + f*(Tz)

0<j<N
- k

)+ Zf(Tj“ =" f(T92) = M (@),
Jj=0 Jj=0

hence f(z) > f*(x) — Fx(Tx) for k=1,...,N + 1.
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Because Fiy(z) = maxi <<y f¥(z) for # € My(f), this shows that f(z) > Fy(z) — Fx(Tz) for 2 € My (f).

As Fy is nonnegative and equal to 0 on Q\ My (f), we have

/ fdp > / FrndP — Fy o TdP
Mn(f) M (f) Mn(f)

:/FNdp_ Fy o TdP
Q Mn(f)

Z/FNdP—/FNonP:O.
Q Q

Finally, since My (f) / M(f), the dominated convergence theorem shows that

/ fdP = lim fdpP > 0.
M(f) N=oo Iy (f)
(|
Corollary 13.2. If M, (f) = {z : sup,>; L f"(z) > o}, then [, o far = aP (My(f)).
Proof. Let g = f — . Then
n—1 n—1
"= (f-a)oTF =" (foT"—a) = fu—na,
k=0 k=0
so g™ =1 f"— , and thus
1 n 1 n
M, (f) = {x ssup — " (z) > a} = {J;:supf () —a > O}
n>1"1 n>1"1
1
= {x ssup —g"(z) > O} = {m ssupg”(x) > 0} = M(g).
n>1"7 n>1
Therefore, the maximal ergodic theorem implies
o< [ gip= [ (feayap= [ gap—aPu(f).
M(g) Mo (f) Ma(f)
(I

Corollary 13.3. If A C M(f) is T-invariant, then fA fdP > 0.

Proof. Since T"'A=Auptoanullset, 1l 40T =14 a.s.,50if g= f-14, then

n—1

|
—

n

g =Y (f-1a)oTF=> (foT*)  -1a=f"-1a4.

0 k=0

b
Il

It follows that

M(g) = {xeﬂzsupg"(ac) >0} = {xeA:supf”(m) >0} =ANM(f) = A4,

n>1 n>1

and thus
/ fdP = / gdP > 0.
A M(g)
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We are now in a position to prove

Theorem 13.3 (Pointwise Ergodic Theorem). For any f € L,

lim lf" =f a.s.

n—o00 N

where f € L' is invariant with [, fdP = [, fdP.

Proof. Set
fT(z) = limsup %fn(x)7
F7() = lminf © (o).

Clearly f* and f~ are invariant with f~(z) < f*(z) for all z. We wish to show that f* = f~ a.s., so we
need to show that M = {z: f~(z) < f*(z)} has P(M) = 0.

For o, 8 € Q, let Mo g = {z: f~(2) < a, f*(x) > B}. Then M =, scq Ma,s, so it suffices to show that
P(M, ) =0for all o, 8 € Q with a < §5.

We note at the outset that the invariance of f* and f~ imply that M, s is an invariant set.

Now let M;r ={z: ff@x) > p}. Ifze Mg, then there is some n € N such that Lf"(z) > 8, so
(f = B)"(x) = f*(x) —nB >0, hence z € M(f — B).

Since Mgy g C Mg C M(f — p) is invariant, Corollary 13.3 shows that fMa,g(f — B)dP > 0, hence

Jar, , FdP > BP (M, ).

Similarly, if z € My :={x: f~(z) < a}, then there is an m with L f™ < a, so (a — f)™ > 0.

It follows that My g € My € M(a— f), so that [, , fdP < aP (Mag).

Thus we have shown that

BP (M) < /M fdP < aP (Mgyg),
a,B

so since o < /3, we conclude that P (M, 5) = 0 as desired. This shows that 1 ™ has an almost sure limit f*.

By Corollary 13.1, we also have that %f" — fin L', and Fatou’s lemma gives
/|f* —ﬂ dP = /liminf
so f* = f a.s.

In light of previous observations, this shows that % f™ converges a.s. to f = E[f |T]. O

1f”—f'dP<liminf/‘1f”—f’dP:0,
n n n

It is left as a homework exercise to use Theorem 13.3 to extend the mean ergodic theorem to

Theorem 13.4. If f € LP, 1 < p < 0o, then %f" — E[f|Z] in LP.

We conclude our discussion of ergodic theorems with some examples.
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Example 13.1 (Strong Law of Large Numbers). Suppose that X1, X», ... is an i.i.d. sequence with X; € L*.
We can think of the X;’s as coordinate projections on the probability space (RN, BN, P) from Kolmogorov’s

theorem with P arising from finite dimensional distributions given by product measure.

If 6 is the shift map, then (RN, BY, P, 0) is a probability preserving dynamical system.

An invariant set A has {w € A} = {6w € A} € 0(X2, X3, ...). Iterating shows that

AeN,_y0(Xn, Xnt1,...) =T, the tail field.

Since Kolmogorov’s 0 — 1 law shows that 7 is trivial, this shows that Z is trivial, hence @ is ergodic.

The pointwise ergodic theorem gives
1< 1
el X, = =
K=

k=1

the strong law of large numbers!

n—1
> Xy 00" — E[X, |T] = E[X4],
k=0

(Corollary 13.1 shows that we also have convergence in L!.)

Example 13.2 (Markov Ergodic Theorem). Suppose that {X,} is a Markov chain with countable state
space S and stationary distribution = with w(xz) > 0 for all x € S. If Xy ~ &, then Xo, X1, ... is stationary
and the shift map is probability preserving.

If R is a recurrent communicating class, then Xy € R implies X,, € R for all n, so {w : Xo(w) € R} € T.

Thus 6 is not ergodic if the chain is not irreducible.

If the chain is irreducible and A is invariant, then, taking F,, = o(Xo, ..., X;,) as usual, it follows from the

Markov property and the invariance of A that

where h(z) = E;z[14].

Levy’s 0 — 1 law implies that E;[14|F,] — 14 a.s., and since the chain is irreducible and recurrent (by
irreducibility and the existence of a stationary distribution), for every = € S, Pr(X,, = x i.0.) = 1. This
means that h(X,) = h(z) infinitely often for any x € S, so it must be the case that h =0or h =1 a.s. In
other words, P,(A) € {0,1}, so the shift map is ergodic.

For any f € L!(n), applying the ergodic theorem to f o X yields

n—

%Z f(Xg) — Zf(z)w(a:) a.s. and in L.

k=0 T

Example 13.3 (Equidistribution Theorem). As a final example, recall that irrational rotation is ergodic.
Thus Theorem 13.3 shows that for any « € (0,1) \ Q, the map Tw = w + « (mod 1) satisfies

n—1

Z HT*w € A} — M\(A) as.

k=0

1
n
for all A € Byg,1), where \ is Lebesgue measure.

In fact, we can show

Claim. If A = [a,b), then the exceptional set is ().
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Proof. Write Ay, = [a + %, b— %) Ifb—a> %, then the ergodic theorem shows that

1 2
S YTiwe Ay »b—a—*
njzo{ we Ag} a—

for all w € Q) where A () = 1.
Let G =(V;5 2 Q. Then A(G) =1, so G is dense in [0,1), thus for any = € [0,1), k € NN (ﬁ,oo),

we can find wy, € G so that |wy — z| < +.
Since TVwy € Ay implies that T72z € A, we have

1 n—1 ) 1 n—1 ) 9
117{32%21{@3: €A} > 12%22%;01{@% €Ar}=b—a—_.

As k was arbitrary, we conclude that

n—1

1 )
it j _
hnn_1>1(>r<1>fn21{Tx€A} >b—a.
=0
A similar argument with A® shows that
1 n—1
li =Y 1 {Tize AV <b—a,
17rlri)sotip - z_: { T } < a
=0
and the claim follows. O

A neat application of this result concerns the distribution of leading digits in the decimal expansion of powers

of 2. The first few terms of the sequence of initial digits are
1,2,4,8,1,3,6,1,2,5,1,2,4,8,1,3,5,1, ...
If 27 has leading digit k, then k- 10™ < 29 < (k + 1) - 10™ for some m € Ny, thus
m +logy (k) < jlogy(2) < m +logyo(k +1).
If T is rotation by a = logy(2) € (0,1) \ Q, then the above inequality shows that
log, (k) < T90 < logyo(k + 1).

Thus if
Ni(n) = {j €[0,n—1]NZ: k is the first digit in the decimal expansion of 2},

then we have

n—1
N, 1 - k+1
% = Z 1{log;o(k) < T70 < logyo(k + 1)} — logig(k + 1) — log;o(k) = logg (k:) :
=0

(Of course, one can play the same game with powers and bases other than 2 and 10 and can consider the

leading r digits as well by the same basic reasoning.)

The distribution p(k) = logyo (5££2) on {1,...,9} is known as Benford’s law and it has been shown to model
many real world data sets surprisingly well. It is sometimes used on financial and scientific data as a method

of fraud detection.
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The general idea is that if you have a collection of numbers that range over several orders of magnitude and
are approximately uniformly distributed on a logarithmic scale, then the distribution of leading digits should

be close to Benford’s law:

2 has leading digit d if there is some m with d-10™ <z < (d+ 1) - 10™, or
logyo(d) +m < logyg(z) <logyo(d+ 1) +m,

and the width of the interval [log,o(d) + m,logyo(d + 1) + m) is logy, (4F).

The reason that one wants the data to span several orders of magnitude is that a sample point has leading digit
d if it falls in any of the intervals [log,(d) + m,log;o(d + 1) + m), [log,o(d) + m + 1,10g,o(d + 1) + m + 1),
[log,o(d) + m + 2,10g,,(d 4+ 1) + m + 2), etc..., and averaging over more intervals blurs out local deviations

from log uniformity.

Note that by a standard change of variables argument, a random variable whose logarithm is uniform has
density f(x) oc 271, Thus Benford’s law describes the leading digits of random variables which obey power

laws with exponent 1.

One way that this leading digit law might come up is if you were to examine the size of an exponential
growth process at a random time. Basically, this is because exponential growth translates to linear growth

on a logarithmic scale.

As with the power law description, what we are ultimately picking up on is some kind of self-similarity or
scale invariance. This is one reason that Benford’s law is so often observed empirically: In many financial
applications, you expect the same basic picture whether you’re working with dollars or yen. Similarly, if you
are looking at scientific data, then it generally shouldn’t matter too much whether length is measured in

centimeters or furlongs.

A final example in which the law might arise is a process which is subject to successive multiplicative
perturbations, so that its logarithm undergoes additive perturbations (i.e. random walk). The CLT shows
that after many time steps, the law of the log should be approximately normal with huge variance, and this

looks uniform in the central regime.
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14. BROWNIAN MOTION

Historically, Brownian motion refers to the random movement of particles suspended in a fluid famously
described by Robert Brown in 1827.

In 1905, Albert Einstein explained this phenomenon in terms of the motion of water molecules. Einstein’s
analysis and the experimental verification of his predictions were a major force behind the widespread
acceptance of the atomic hypothesis.

Five years prior to the publication of Einstein’s paper, Louis Bachelier gave a mathematical treatment of
Brownian motion in the context of evaluating stock options. This work (Bachelier’s PhD thesis) helped usher

in the modern era of mathematical finance.

The first fully rigorous mathematical derivation of Brownian motion was due to Norbert Wiener in a series

of papers in the early 1920s.

It is this Wiener process - the mathematical construct rather than its various physical manifestations - with

which we will concern ourselves here, though we retain the colloquial term “Brownian motion.”

Definition. A real-valued stochastic process {B(t) : ¢ > 0} is called a (linear) Brownian motion if

(1) For all times 0 <ty < --- < t,, B(t1), B(t2) — B(t1),...,B(tn) — B(t,—1) are independent random
variables,
(2) For all ¢ > 0, h > 0, the increment B(t + h) — B(t) is normal with mean 0 and variance h,

(3) The function ¢ — B(t) is almost surely continuous.

If B(0) =z a.s., we say that {B(t) : t > 0} is a Brownian motion started at x.

The case x = 0 is known as standard Brownian motion.

We will sometimes talk about Brownian motion on [0,7] for some 7' > 0. This just means that properties

1-3 hold when we restrict our attention to times in [0, 7.

We will only concern ourselves with the one-dimensional case here, but we observe that if By (%), ..., Bq(t) are
independent linear Brownian motions started at 1, ..., zq, respectively, then B(t) = (Bi(t), ..., Ba(t))" is a

d-dimensional Brownian motion started at (x1,...,24)7

On the one hand, we can regard {B(¢t) : ¢ > 0} as a collection of random variables w +— B(t,w) defined on
some underlying probability space (2, F, P) and indexed by t € [0, c0).

Alternatively, Brownian motion can be thought of as a random function. Specifically, Property 3 allows
us to interpret Brownian motion as a random variable taking values in the space of continuous functions
C (]0,00),R). The target o-algebra is the Borel sets for the topology of uniform convergence on compact

sets (which coincides with the natural product o-algebra generated by the coordinate maps m; : f — f(t)).

The reason we don’t work in the space of measurable functions from [0, c0) to R with the product o-algebra
is that every measurable set is then determined by the values of the functions at a countable number of

points, hence the set of continuous functions is not even measurable!
For a fixed w € , the map t — B(t,w) is called a sample path or trajectory.

* We will switch freely between the equivalent notations B(t), By, B(t,w), B;(w) depending on readability

and whether we want to emphasize the role of w.
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Before establishing that the process we have defined actually exists, we make a few simple observations in

order to familiarize ourselves with our object of study.

Proposition 14.1 (Translation Invariance). If {B; : t > 0} is a Brownian motion started at x, then for any
y €R, {B;+vy:t>0} is a Brownian motion started at x + y.

Proof. Properties 1 and 2 hold since the y terms cancel out and Property 3 holds since adding a constant

preserves continuity. The starting state is By +y = = + y. O

The exact same argument shows that if {B;};>¢ is a standard Brownian motion and Y is independent of
{B¢}it>0, then the process {X;};>¢ defined by X; = B, +Y is a Brownian motion with Xy = Y a.s. Thus

there is no real loss of generality in restricting our attention to standard Brownian motion.
In a similar vein, we have the following Markov property for time shifts.

Proposition 14.2 (Time-shift Invariance). If {B(t) : t > 0} is a Brownian motion and s > 0, then
{B(s+t)—B(s) : t > 0} is a standard Brownian motion and is independent of the process {B(t) : 0 <t < s}.

Proof. Clearly the process starts at B(s) — B(s) = 0. Properties 1 and 2 follow from cancellation of the B(s)
terms and Property 3 holds since the composition of a.s. continuous functions is a.s. continuous.

Now, stochastic processes {X(s) : s € S}, {Y(¢) : t € T} are independent if for every m,n € N, s1,...,8,, €
S, t1, .., tn € T, the random vectors (X (s1),...,X(sm)) and (Y (¢1),...,Y(¢,)) are independent.

Since Brownian motion has independent increments, for any t1,...,%, > 0, 0 < s1,..., 8, < s, the vectors
(B(s+t1) — B(s),...,B(s+1t,) — B(s)) and (B(s1), ..., B(smm)) are independent. (The former is built from
disjoint increments to the right of s and the latter from disjoint increments to the left.) O

Another simple but extremely useful invariance property is

Proposition 14.3 (Diffusive Scaling). If {B(t) : t > 0} is a standard Brownian motion and a # 0, then the
process {X(t) : t > 0} defined by X (t) = 1B(a®t) is also a standard Brownian motion.

1
Proof. Again, we just have to verify the defining properties. Clearly X (0) = —B(0) = 0.

a
IfO<t <- <ty then 0 < at < --- < a’t,, so B(a’ty), B(a’ty) — B(a?ty),. .., B(a®t,) — B(a’t,_1) are
independent, hence

B(at?) B(a?ty) — B(a?t;) B(a?t,) — B(at,_1)

¢ a

X(t1), X(t2) — X(t1), .00, X(tn) — X(tpn—1) =
are independent.
Similarly, for ¢t > 0, h > 0, B(a®t + a®h) — B(a?t) is normally distributed with mean 0 and variance a?h, so
B(a*t + a®h) — B(a?t)

X(t+h)— X(t) =

a
is normal with mean 0 and variance h.
1
Finally, X (t) = —B(a?t) is a composition of a.s. continuous functions and thus is a.s. continuous. O
a
Observe that taking a = —1 shows that standard Brownian motion is symmetric about 0.

It is sometimes more convenient to express the scaling relation as {Ba:t },~ =a {VaBi},s, for a > 0.
91



At this point, it is useful to give the following alternative characterization of Brownian motion.

Theorem 14.1. A real-valued process {Bt}tzo with By = 0 is a standard Brownian motion if and only if

a) By is a Gaussian process - i.e. all of its finite dimensional distributions are multivariate normal,
b) E[By] =0 and E[BsBy] = s A t,
c) With probability one, t — By is continuous.

Proof. To see that Brownian motion is a Gaussian process, fix times 0 < t; < ... < t,, and define

1
1 0O --- 0 v 0 0
) . . L
m=| ! . p=| " va=
: . .0 : 0
1

Properties 1 and 2 show that the random vector

X = DM (B(ty), .. B = (B(tn B(t) = B(t1)  Blt) - B(tn_n)T

Vi V-t T V=t

has independent standard normal entries.
Since M and D are nonsingular, the matrix A = M ~'D~! is well-defined, so we have

(B(t1),...,B(t,))" = AX, which is multivariate normal (with mean 0 and covariance AAT) by definition.

Now suppose that s < ¢. Properties 1 and 2 show that By ~ N(0,s) and By — Bs ~ N(0,t — s) are

independent, so we have
E[B,]=0,  E[ByB;] = E[Bs(B; — By)|+ E[B?] = 5.
For the other direction, note that multivariate normals have independent entries if and only if all covariances
are 0. If {B(t)},, satisfies a and b, then for any r < s <t <,
E[(B(s) = B(r)) (B(u) = B(t))] = E[B(s)B(u)] = E[B(s)B(t)] = E[B(r)B(u)] + E [B(r)B(t)]
=s—s—r+r=0,

so Property 1 holds.
Similarly, for any ¢ > 0, h > 0, B(t+ h) — B(h) is a difference of mean zero normals and thus is normal with

mean zero and variance
Var (B(t 4+ h) — B(t)) = Var (B(t + h)) + Var (B(t)) — 2Cov (B(t + h), B(t))
= (t+h)+t—2E[B(t+h)B(t)] =2t +h —2t = h. O

With this alternative definition, we can prove two more simple results.

Proposition 14.4 (Time Inversion). Suppose that {B(t) : t > 0} is a standard Brownian motion. Then the
process {X(t) : t > 0} defined by

is also a standard Brownian motion.
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Proof. Since for any t1,...,t, >0, (B(t{'), ..., B(t;l))T is a Gaussian vector, so is

t1 0 0
o= |78 () e ()
0 0 t,

Also, E[X(0)] =0 and E[X(t)] =tE [B(3)] =0for t >0, and for 0 < s < ¢, E[X(0)X(t)] = 0 and
E[X(s)X(t)] = stE [B (i) B <1>} = st- % =s.

t

Finally, the paths ¢ — X (¢) are a.s. continuous for ¢ > 0 since compositions of continuous functions are
continuous, so it remains only to demonstrate that lim;_,q+ X (t) = 0.

Because QT = QN (0, 00) is countable, the foregoing shows that {X (¢) : ¢ € Q1} has the same distribution
as {B(t) : t € Q*}, so we must have

P( lim X(t):@):P(}% B(t):0>:1.

teQt tcQt

Since QT is dense in (0, 0), we conclude that lim,_,o+ X (¢) = 0 a.s. and the proof is complete. O

Time inversion gives an easy proof of the following fact about the long term behavior of Brownian motion.

Proposition 14.5 (Brownian SLLN). If {B(t) : t > 0} is a standard Brownian motion, then

@:Oas

lim
t—o00

Proof. Let {X(t) :t > 0} be as in Proposition 14.4. Then

lim =10} = lim X (1) = lim X (s) =0 as. O

t—oo { t—o0 50+

Wiener’s Theorem.

Now that we’re a little more comfortable working with Brownian motion, it’s time to prove that it actually

exists. The main complication lies in the continuity requirement.

To illustrate this issue, observe that if {B(t) : ¢ > 0} is a Brownian motion and U is an independent random
variable which is uniformly distributed on [0, 1], then the process {g(t) it > O} defined by

- B(t), t#U
0, t=U

has the same finite dimensional distributions as Brownian motion since P(U € S) = 0 for any finite S C [0, 1].
However, B(t) is discontinuous whenever B(U) # 0 — that is, with probability one.

There are several ways to go about proving existence. We will pursue a fairly straightforward approach
due to Paul Lévy. The basic idea is to construct standard Brownian motion on [0, 1] as a uniform limit of
continuous functions having the right finite dimensional distributions on sets of dyadic rationals and then

patch together independent copies to obtain Brownian motion on [0, c0).
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Let D, = {£ :k=0,1,..,2"} for n=0,1,..., and set D = (J;" ; D,,.

Let (Q, F, P) be a probability space on which a collection {Z; : d € D} of independent standard normals

can be defined. (Kolmogorov’s extension theorem gives one such space.)

For each n € Ny, we define random variables B(d), d € D,, so that

(1) For all ¢ < r < s < tin Dy, B(t) — B(s) ~ N(0,t — s) and B(r) — B(q) ~ N (0,7 — q) are
independent.
(2) The collections {B(d) : d € D,,} and {Z, : t € D\ D,,} are independent.

We begin by taking B(0) = 0 and B(1) = Z;. Now suppose for the sake of induction that {B(d) : d € D,,_1}
satisfies (1) and (2).
We then define B(d) for d € D, \ D,,—1 by

B(d—2"")+B(d+2™")  Z
B(d) = ( )2 : ) Q”Tfl'

Since the first term is the average of B at points in D,_; and the Z)s are independent, the inductive
hypothesis shows that B(d) is the sum of two random variables which are independent of {Z; : ¢t € D\ D, },
so Property (2) is satisfied.

The inductive hypothesis also shows that % [B (d+27") — B (d — 2~")] and 2-"3" Z, are independent nor-

mals having mean 0 and variance 2~ (") so their sum

[B(d+2") —B(d—2"")] +27 "% 2,

N | =

Z4

n+1
2

_B(d+2")+B(d—-27")
B 2

—B(d-2"")+

=B(d)~B(d—27")

and their difference

1 [B(d+2") = B(d—2"")] -2~ Z,

2
B(d+2 ") +B(d-2")
2

are independent and normally distributed with mean 0 and variance 27" (as proved in the homework).

=B(d+27") - —27"" Z;=B(d+2™") - B(d)

Since the vector of increments (B(d) — B(d—27"):d € D, \ {0}) is multinormal (as its coordinates are

linear combinations of independent normals), it has independent entries if they are pairwise independent.
We have already seen that B (d+27") — B(d) and B(d) — B (d — 27™) are independent for d € D,, \ D,,—1.

It remains to consider the case where the two intervals lie on opposite sides of some d € D,,_1. For such

pairs, choose d € D; with j minimal so that the intervals lie in [d — 277, d] and [d, d 4+ 277], respectively.
The inductive hypothesis ensures that B(d) — B (d —277) and B (d + 277) — B(d) are independent.

Since the increments in question are constructed from B(d) — B (d —277) and B (d +277) — B(d), respec-
tively, using disjoint subsets of the {Z; : t € D, }, the desired independence follows.

As the increments {B(d) — B(d —27") : d € D, \ {0}} are i.i.d. M(0,27"), Property (1) is verified and the

inductive step is complete.
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At this point, we have defined B(t) on the set D of dyadic rationals so that the finite dimensional distributions

are as desired.

The next step is to extend the definition to all of [0,1] by interpolation.

Let
Z, t=1

FO (t) = 07 t=0 )
linear, in between

and, forn > 1,
n+1

Zta te Dn \anl
Fn(t) = 0, t=Dp 1
linear,  between consecutive points in D,

The F;’s are continuous, and we claim that for all n € Ny, d € D,,,

d) = ZFz(d) = ZF’L(d)
i=0

i=0
(We only need to justify the first equality since d € D,, implies F;(d) = 0 for ¢ > n.)
The proof is a simple induction argument:

Tt holds for n = 0 by construction. Assume that it holds for n — 1.

We need to verify that B(d) = .., F;(d) for d € D,, \ D,_1.

Since F; is linear on [d —27",d 4+ 27"] for 0 < ¢ < n, we have

e Fd-2"")+F(d+2™") B(d-2"")+B(d+27")
> Fi(d) = 5 5 .

n+1

The claim follows from the definition of B(d) since F,,(d) =2~ "2 Z;.

We now need to show that the sum .~ F;(t) is uniformly convergent.

To this end, we observe that the Z;’s are standard normal, so

Z4| > u) _Td;v< — e” 2dr = e Ydy = ez
P (2l \/ / T 27 / uV2m Jiy2 Y u\/2m
for all u > 0.
In particular,
2
P (124 2 \/inlog(2)) £ — e 28 < 9720
8mn log(2 )

for all n € N.
Consequently,

> 2" +1

ZP <|Zd| > /4nlog(2) for some d € Dn) Z Z P (\Zd| > /4nlog(2 )) Z e <X

n=0 n=0deD,, n=0
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Therefore, the first Borel-Cantelli lemma shows that there is a (random, but a.s. finite) N such that
n > N and d € D,, implies|Zy| < y/4nlog(2), hence

|Fullo, <27°% /Anlog(2)
whenever n > N.

o0
It follows that, almost surely, B(t) = Z F;(t) is a uniform limit of continuous functions and thus is contin-
=0

uous.

To see that {B(t) : t € [0,1]} is a standard Brownian motion on [0, 1], we just have to verify that it has the
right finite dimensional distributions.
But this is an easy consequence of continuity since we have already established the claim on the dense set
D C0,1].
Indeed, let 0 < ¢; < ... < t, < 1. Then there exist t1, < ... < ¢, in D with t;, — t; as £ — o0, so
continuity gives

lergO B(tit1x) — B(tix) = B(tiv1) — B(t:) as.
fori=1,....,n—1.
As

klirr;OE [B(tiv1,6) — B(tix)] =0

and

lim Cov (B(tiJrl,k) — B(ti7k)7 B(thrl,k) — B(tj’k))

k—o0

= Hm 10 = j} (tipr e — tin) = Hi =} (fin — 1),

we see that (B(t2) — B(t1), ..., B(tn) — B(tn_1)) is multivariate normal with mean (0, ...,0)" and covariance
Y= Dlag (tg — tl» ce ;tn — tnfl).

(An easy characteristic functions argument shows that the limit is indeed Gaussian.)

Thus we have constructed a continuous process B : [0,1] — R with the same finite dimensional distributions
as standard Brownian motion on [0, 1].

To extend this to all positive times, take a sequence By, By, ... of independent C ([0, 1], R)-valued random
variables having the distribution of this process and glue them together end to end.

Specifically, define {B(t) : t > 0} by

[t]—1
B(t) =Bt - [t])+ Y Bi(1).

i=0
One readily checks that B is an a.s. continuous function from [0, c0) to R which has the right finite dimen-

sional distributions.
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15. SAMPLE PATH PROPERTIES

Having shown that Brownian motion exists and established some simple invariance principles, we now turn

our attention to a few basic properties of Brownian paths.

We begin with an easy result which demonstrates some of the peculiarities of Brownian motion.

Theorem 15.1. Almost surely, Brownian motion is not monotone on any interval [a,b], 0 < a < b < oco.

Proof. Fix a nondegenerate interval [a,b]. We can partition [a,b] into n subintervals [a;_1,a;] by picking
a=ap<a; <..<a,=>.

If B; is monotone on [a, b], then each of the increments B(a;) — B(a;—1) has the same sign.

Since the increments are independent mean zero normals, the probability of this occurring is 2 - 27",

Thus for any 0 < a < b < 00, n € N, P (B; is monotone on [a,b]) < 27"V,

Sending n — oo shows that {B,};>¢ is not monotone on any particular interval almost surely.

Since there are countably many intervals with rational endpoints and every nondegenerate interval contains

some such interval, the result follows. O

Our next goal is to show that Brownian motion is a.s. locally y-Ho6lder continuous for v < %
The key to doing so is the following result which deduces local Holder continuity from moment bounds.

Theorem 15.2 (Kolmogorov’s Continuity Theorem). Let X (t) be a stochastic process with a.s. continuous
sample paths such that
E[1X() - X(s)"] < Clt -5

for some constants o, 5,C > 0 and all times s,t > 0.

Then for each 0 <~y < %, T >0, and almost every w, there exists a constant K = K(w,~,T) such that
| X (t,w) — X(s,w)| < K|t —s|" forall0<s,t<T.
That is, the sample paths t — X (t,w) are a.s. y-Hélder continuous on [0, T).

Proof. By time scaling, it suffices to consider the case 7' = 1.
Let D denote the dyadic rationals in [0, 1] as in the proof of Wiener’s theorem, and let v € [O, %)

Chebychev’s inequality and our assumption give

Pl () - ()2 ) - (U () - < (52 =)
e (3) x(50)| =)
|

X () - X (5]

< 2n 2'n,
- 2—Byn
k=1
2m 1 a+1
< 26mC = = 2By,
<oy ()
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Since fv < a, we see that

oo

E P( max
1<k<2n

n=1 - =

k k-1
AT > 91 <« (By—a)n
X(Qn) X(Qn )‘_2 )_CE 2 < 00,

n=1

so the first Borel-Cantelli lemma implies the existence of a set * with P (Q*) = 1 such that for every w € Q*,

there is an N(w) € N with

max
1<k<2n

k k—1

X <w> X (w)‘ <o
AL AL

Choosing Ky = Ky(w, ) large enough gives

k k—1
yn
X(Qn)—X( o )‘<2 Ky

Now suppose that s, € D with s < ¢, and let n € N be such that 27" <t — s < 2= (1),

for all n > N(w).

max
1<k<2n

for all n € N on €,.

We can write

! Lo, 1 1
S—Qj_ﬁ_..._ﬁ, —27+2?+.+2E
withn <p; <..<pg,n<q <..<gqg andi<j.
Moreover, sinceQ%—Q%St—s<2’(”*1),wemust have |i — j| <1, hence
i 1 _
X|{=)-X|=)| <277"K,.
() x5 [ <2
Also,
‘X(Z—l—...— 1>—X<Z—1—...— L )’gz—WKO
on 2p1 2P on 2p1 2Pr—1

forr=1,...,k, so, since n < p; < ... < pg,
i b a
X(s)—x [ L) <K 2= < K, 9—(n+r)
‘ ) (%)“ 0; - O;

< 277K, ZQ*W <277EK,

r=1
where K = (1 V Z:il 2_77‘) K.

The exact same reasoning shows that | X (24) - X (t)] <27K.
It follows that

- xonsfron-x ()]s e (£) > ()] () <o
<2T"MK<K|t—s|", K=3Kj,

hence the paths are a.s. yv-Holder continuous on D.

Because D is dense in [0,1] and ¢ — X(t) is a.s. continuous, the Holder condition holds a.s.

s,t €[0,1].

Applying the above result to Brownian motion yields
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Theorem 15.3. Let {B.} >0 be a standard Brownian motion, and let T > 0. Then with full probability,
t — By is y-Holder continuous on [0,T] for all v < %

Proof. The scaling relation (Proposition 14.3) with a = ¢ — s shows that
8
EUBya&W}:EDBFAq:%%Hfﬂ2
where

1 _z?
%:ﬂ@ﬂzjiﬂMGZW

Thus when 8 > 2, Theorem 15.2 applies with o = g — 1, so t — By is y-Holder continuous for
0<y< % = % — % The result follows by sending 5 to infinity. |

In fact, the preceding result is optimal in the sense that

Theorem 15.4. {Bt}te[o,l] is not Hélder continuous for any exponent v > %

Proof. (Homework) We wish to show that

stefoa] [t — s|”
1
whenever v > 5.
Since 7t > 272 for 0 < v; < o, x € [0, 1], it suffices to establish the result for v = %

Define
B - B
Kl e sup [Bi) = Bu(@)]
0<s<t<1 t—s

|Bi(w) — Bs(w)|
Vt—s

The independent increments property of Brownian motion shows that K ,, ..., K, ,, are independent.

Kzn(w) = sup

, for n € N,i € [n].
=ls<t<

Z
n

Moreover, the scaling relation shows that {X;}icjo,1) =a {Bt}tecjo,1) Where X; :=/n (Bm - B ), hence

a
n

K | By — Bs| ‘B%Jr% 7B%+%
in — sup —_— = sup
io1 i t—s t i—1 i—1
stV osstst J(E 4 5 - (4 5
\/ﬁBi,l_BHS,L \/ﬁBl+t_Bl+b
— Sup n n n n :d Sup n n
0<s<t<1 Vi—s 0<s<t<1 Vt—s

= sup 7|Xt — X =4 Ssup 7|Bt — Bil =K
0<s<t<l Vt—S8 0<s<t<1l Vt—8

Because K > max K, for all n € N by construction, it follows that for any M > 0, we have

1<i<n

Since B\;;TE:* ~ N(0,1) for all 0 < s < t <1, we have that P(K > M) > 0 for all M > 0.

Therefore, the preceding inequality implies that P(K < M) = 0 for all M > 0, hence K = co a.s. ]
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One can actually show that Brownian motion is almost surely not ~-Hélder continuous at any point ¢ (which

is a stronger statement than not being v-Holder continuous over an interval) whenever ~ > %

This can be verified by appropriately modifying the proof of the following theorem.
Theorem 15.5. With probability one, Brownian paths are not Lipschitz continuous at any point.

Proof. Fix a constant C' € (0, 00) and let

A, = {w : there is an s € [0, 1] such that |B;(w) — Bs(w)| < C'|t — s| whenever |t —s| < 3} .
n
For1<k<n-—2let

o=l (3) -2 (52 (52) -2 ()] fo (52) - = () )

Bn:{ min Ymkgw}.
n

)

and set

1<k<n-—2
We will show that A, C B,. To this end, suppose that w € A,. Then there is an s € [0,1] with
|By(w) — Bs(w)| < C |t — s| whenever |t —s| < 2.
Let k =max{j € [n — 2] : =1 < s}. Then |L —s| < 2 for j=k —1,k, k+1,k+2,s0

(5052 () - (522)

S_H><C(3+3):60
n non n

for { =k,k+ 1,k +2, hence Y,, p(w) < 8¢

n

Now for any k=1,...,n — 2,

s ) e (o (2) -2 (50 <) -2 (2 ()

since Brownian motion has stationary independent increments.

Applying the scaling relation with a = 1 and then using B(1) ~ N(0,1) yields

3
<n’k<60) (‘ (1>’<60>
n n n

M)

x

where the final inequality is because e~z <1 for & > 0.

Combining our observations shows that

P(A,) <P (B,) =P (:L_Jj{ynk < 65}) <(n—2) <\}%>3 -0
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Since A; C Ay C ..., P(A,) is increasing in n, so we conclude that P (4,) = 0 for all n.
As C was arbitrary, we have shown that ¢ — By is not Lipschitz at any point in [0, 1] with full probability.

The exact same argument shows that

n

3
AT = {there exists an s € [m, m + 1] such that |B; — Bs| < C'|t — s| whenever [t —s| < }
n

has probability zero for all m,n € N, and the result follows from countable subadditivity. O

Note that if f is differentiable at ¢, then there is a ¢ > 0 such that |f(t) — f(s)] < (|f'(t)| + 1) |t — s| whenever
[t —s| < 4.
In other words, a function is Lipschitz at every point at which it is differentiable. Taking the contrapositive

and appealing to Theorem 15.5 yields
Theorem 15.6 (Paley, Wiener, Zygmund). Brownian motion is a.s. nowhere differentiable.

In fact, if we define the upper and lower right derivatives of a function by

e ft+h) = f(t) SR - ()
D f(t) = hr;l N L T— D.f(t) = llgl\lgf —

then one can show that
P | () ({DuB(t) = —0} U{D*B(t) = oc}) | = L.
>0
Indeed, if there is some ¢ € [0, 1] such that —co < D, B(tg) < D*B(ty) < 0o, then

lim sup |B(to + h) = B(to)] < 0
ANO h

Since B(t) is a.s. continuous (and thus uniformly bounded on compact sets), this means that
|B(to + h) — B(to)|
helo,1] h

<M

for some a.s. finite M, so that B(t) is “Lipschitz from the right” at tg.
An argument similar to the proof of Theorem 15.5 shows that for any C' € (0, 00), the event

{w : there is some s € [0, 1] such that |B(s+ h,w) — B(s,w)| < Ch for all h € [0,1]}

has probability zero.
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The Holder continuity results discussed here are not the most precise answer to the question “How continuous

is Brownian motion?”

In 1937, Paul Lévy proved the following theorem regarding Brownian motion’s modulus of continuity:

Theorem 15.7. Almost surely,
B(t+h) — B(t
limsup sup Bt + 1) @)l =1.
h—0 0<t<l-h 2hlog (%)

Though the proof of Theorem 15.7 is not difficult, we leave it to independent pursuit so that we may explore

more topics.

Before moving on, however, we note that the arguments in Theorems 15.2 and 15.3 provide an alternative

path to proving the existence of Brownian motion.

Namely, one uses the extension theorem to get a process on the dyadic rationals with appropriate finite
dimensional distributions.

One then argues as before to show that this process satisfies a Holder condition.

As D is dense in [0, 1], there is a unique continuous extension to [0, 1].

By an easy limiting argument, this continuous version has the correct finite dimensional distributions.
Though I prefer the approach we have taken since it is more concrete, the above argument has the advantage
that it also works for other continuous processes specified by their finite dimensional distributions.

Another benefit is that the starting point is a part of the finite dimensional distributions, so as with Markov
chains, we have one process B;(w) = w(t) and a family of probability measures { P, },er such that under P,,
B; is a Brownian motion with P,(By = x) = 1.

Measures corresponding to general initial distributions then arise as mixtures: P,(A) = [ Py(A)du(z).
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16. MARKOV PROPERTIES

Our next object is to establish that Brownian motion is a (strong) Markov process and explore some simple

consequences of this fact.

In order to discuss Markov properties, it is necessary to have a referent filtration.

The definitions in continuous time are as one would expect from the discrete case:

Given a probability space (2, F, P), a filtration is a family of sub-o-algebras {F(t) : ¢ > 0} with
F(s) CF(t)C Fforall0<s<t.

A process {X(t) : t > 0} on a filtered probability space (2, F,{F(t)}+>0, P) is adapted if X (¢) is
F(t)-measurable for all ¢ > 0.

If {B(t):t >0} is a standard Brownian motion, the obvious candidate is F°(t) = o (B(s) : 0 < s < t).
t

B(t) is adapted to this filtration by construction, and Proposition 14.2 shows that {B(t + s) — B(s) :
is independent of F(s).

>0}

It turns out that a more convenient filtration is given by F*(s) = m FO (t).
t>s
{FT(t) : t > 0} is clearly a filtration with F°(t) C F*(¢).

Intuitively, F°(¢) contains all of the information up to time ¢, while F*(¢) contains, in addition, an infini-
tesimal peak into the future: A € FT(t) if and only if A € FO(t +¢) for all £ > 0.
One advantage of working with the latter is that it is right-continuous:

NF =) (ﬂ fo(u)) = [ FOu) = F*(s).

t>s t>s \u>t u>s

It is with respect to this right-continuous filtration that we state
Theorem 16.1 (Markov Property). For every s > 0, {Bs1s — Bs : t > 0} is independent of F*(s).

Proof. Let s, be a strictly decreasing sequence with lim, ., s, = s.
Let A € FT(s), let t1,...,t, >0, and let F: R™ — R be bounded and continuous.
Since A € F*(s) implies A € FO(s,,) for all n, Proposition 14.2 shows that

E[F (Bt,+s, — Bs,y.., Bt ts, — Bs,)1a] = E[F (B¢, +s, — Bs,,, .., Bt +s, — Bs, )] P(A)
for all n.

Sample path continuity implies
lim Bt+sn — Bsn = Bt+s — Bs a.s.

n—oo

for all t > 0, so two applications of the dominated convergence theorem give

E[F (Bt+s — Bsy...;Bt, +s — Bs)1a] = lim E[F (B¢, 4+s, — Bs, ., Bt,,+s, — Bs, ) 1 4]

n— oo

= lim E[F (B, +s, — Bs,s s Bt,ts, — Bs,)] P(A)
n— oo

- E [F (Bt1+s - BS, ceey Btm+5 — BS)] P(A)

As A e FT(s), t1,....,tm >0, and F € C, (R™,R) were arbitrary, the claim follows. a
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In other words, conditional on F7(s), the process {B(t + s) : t > 0} is a Brownian motion started at B(s).

When specialized to the germ o-algebra F*(0), Theorem 16.1 yields
Theorem 16.2 (Blumenthal’s 0 — 1 Law). The o-algebra F+(0) is trivial.

Proof. Let A € F*(0). Then A € o (B; :t>0), so Theorem 16.1 implies that A is independent of F7(0).
In particular, A is independent of itself, so P(A) = P(AN A) = P(A)P(A), hence P(A) € {0,1}. O

An interesting consequence of Theorem 16.2 is that standard Brownian motion has positive values, negative

values, and zeros in any time interval (0,¢) almost surely.

Theorem 16.3. Suppose that {B(t) : t > 0} is a standard Brownian motion.
Define 7 =inf{t >0: B(t) >0} and T =inf{t > 0: B(t) =0}. Then P(r=0)=P(T =0) = 1.

Proof. Let A, = {T < %} = {Bt > 0 for some 0 < t < %} Then

{r=0}= ﬁAke]:‘)(;)

k=n
for all n € N, so {T =0} € F1(0), hence P (r =0) € {0,1}.
To see that P (7 = 0) > 0, observe that for all n € N,

P(A) ZP(Bi >o) :%
since B 1 ~N(0,5), so

n—oo

~ 1
P(r=0)=P (ﬂ An> = lim P(A4,)> <.
n=1 2
The exact same argument (or the fact that {B;},5( =4 {—Bi};>() shows that o = inf {t > 0: B(t) <0} =0

a.s. Since B is a.s. continuous, the intermediate value theorem implies P (T' = 0) = 1. O

Because of time inversion, results concerning the ¢ — 0 behavior of Brownian motion can be used to under-

stand the behavior as ¢t — oco.

Define G(t) = o (B(s) : s > t) and let T = (5, G(t) be the o-algebra of tail events.

Since 7 is mapped onto the germ o-algebra under time inversion, we have

Theorem 16.4. The tail o-algebra for standard Brownian motion is trivial.

A typical application of Theorem 16.4 is given by

Theorem 16.5. If B; is a standard Brownian motion, then with probability one,

. By .. DB
limsup — =00, liminf — = —o0
t— 0o t t—o0 \/g
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Proof. 1t suffices to prove the first statement as the second then follows from symmetry.
Let K € (0,00), and recall the inequality

P (A, i.0.) (ﬂ UA>_7}LH;OP<UA>

n=1m=n m=n

> lim (sup P(An)> = limsup P(4,,).

n—=00 \m>n n—00

It follows from Brownian scaling and the fact that By ~ A(0,1) that

By, . .
Pl=2>Kio]>limsupP|2>K P(B1 > K)>O0.
(T2 00) 2 mmsmwr (2> 1) = o2 19

>Ki } € T, Theorem 16.4 implies P (B— Ki. o) = 1 and the result follows since K was
arbitrary. O

Since

ﬂ

Writing P, for the probability measure which makes {B(¢) : ¢ > 0} a Brownian motion started at x, the

previous theorem, along with a.s. continuity and translation invariance shows that

Theorem 16.6. Let B; be a Brownian motion and let A = (), .y {B: = 0 for some t > n}. Then P,(A) =1

for all x.

Our final application of the Markov property concerns the local and global maxima of Brownian motion.

Theorem 16.7. For a Brownian motion {B(t) : 0 <t < 1}, almost surely

(1) Every local maximum is a strict local mazimum.
(2) The set of times where local mazima are attained is countable and dense.

(3) The global mazimum is attained at a unique time.

Proof. We begin by showing that for any closed time intervals with disjoint interiors, the maxima of Brownian
motion over each are almost surely distinct:

Let 0 < a; < by <az < by <1, and let my(w) = maxepq, p,] B(t,w), ma(w) = maxe[q, p,) B(t,w). (Since
B(t) is almost surely continuous and the intervals in question are compact, m; and ms are well-defined with
full probability.)

Theorem 16.3 and the Markov property show that for any ¢ > 0, there almost surely exists some ay < t <
as + € with B(t) — B(ag) > 0, hence B(az) < mg a.s.

Thus for almost every w, there is a smallest n = n(w) € N such that ms(w) is the maximum over [ag + =, bo].
By considering each of these intervals, it suffices to assume in the proof that b; < as.

Applying the Markov property at time by, we have that B(as) — B(b1) is independent of m; — B(by).
Applying the Markov property at time as shows that mgs — B(as) is independent of each of these increments.

Now we can write the event m; = mo as
B(az) — B(b1) = (m1 — B(b1)) — (m2 — B(az)) .

Conditioning on the values of m; — B(b1) and mo — B(az), we see that the right hand side is constant and
the left is a continuous random variable, so this event has probability 0.
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(1) We just proved that all non-overlapping pairs of nondegenerate closed intervals with rational end-
points have distinct maxima. If Brownian motion had a non-strict local maximum, there would be

two such intervals having the same maximum.

(2) The maximum over any nondegenerate closed interval with rational endpoints is a.s. not attained at
the endpoints, so there is a local maximum between any two rational numbers, hence the set of local
maxima is dense. Since every local maximum is a strict local maximum, there are no more maxima

than there are intervals with rational endpoints, which is countable.

(3) For any ¢ € QN [0,1], the maxima over [0, ¢] and [q, 1] are distinct. If the global maximum was
obtained at two points t; < to, there would be a rational ¢ € (¢, t2) such that the maxima over [0, ¢]
and [g, 1] agree.

]

Strong Markov Property.

To state the strong Markov property, we need to understand stopping times in the continuous setting.
Though there are many similarities, beware that not all results for discrete time carry over.

Definition. Given a filtered probability space (Q,.R {}'(t)}tZO,P>, we say that a [0, co]-valued random
variable T' is a stopping time if {T <t} € F(t) for all t > 0.

One of the reasons that it is so convenient to work with right-continuous filtrations is

Theorem 16.8. If {f(t)}tzo is right-continuous, then a [0, 0o]-valued random variable T is a stopping time
if {T <t} € F(t) for all t > 0.

Proof. For such a T, we have
{T<t}:ﬁ{T<t+l}e ﬁf(wrl):f(t). O
- k n
k=1 n=1
Thus for right-continuous filtrations, we recover our definition from the discrete setting:

Corollary 16.1. If {F(t)},5 is right-continuous, then a [0, co|-valued random variable T is a stopping time
if {T'=1t} € F(t) for allt > 0.

Proof.
{T =t} ={T <t}\{T <t} € F(1). O
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To illustrate the utility of Theorem 16.8 (and get some practice working with stopping times), observe that

e If T}, is an increasing sequence of stopping times with respect to {F(t)},-, and T,, /T, then T is
also a stopping time with respect to {‘F(t)}tZO:

oo

{T<t}=({T. <t} € Ft).

n=1

e If T}, is a decreasing sequence of stopping times with T;, \, 7', then so is T provided that the filtration

is right-continuous:

(T <t} =|J{T. <t} € F(¥).
n=1
e If K is a closed set, then T = inf {t > 0: B; € K} is a stopping time with respect to {F°(t)}
(and thus F*(t)):
Let D be a countable dense subset of K. Then

{TK<t}_ﬂ U U{ s) — x| < }e]—'o()

n=1 seQn(0,t) z€D

e If U is an open set, then Tyy = inf {t > 0: B; € U} is a stopping time with respect to {F* ()},

By continuity,

(Ty<ty=({Tv<s}=() U (B0 cU}eF @)

s>t s>t reQn(0,s)

However, Ty is not necessarily a stopping time with respect to {]—"O(t) Indeed, suppose that

b
U is bounded and U does not contain the starting point. Then we can tﬁr?d apath v:[0,¢] - R
with 7(t) € OU and {y(s):0<s<t} NU = . Clearly F°(¢) contains no nontrivial subset of
{B(s) =7(s) for all 0 < s < t}. Butif {Tyy <t} € FO(t), then {B(s) = v(s) forall 0 < s < ¢, T =t}
would be a nontrivial subset, a contradiction.

(The first statement is because F°(t) only contains information about the paths up to time ¢, and
the second is because B could either enter U immediately after hitting its boundary or could remain

in the complement for a while.)

Definition. If T is a stopping time with respect to {F 1 (¢) : ¢t > 0}, the stopped o-algebra is given by

FHT)={AeF:An{T <t} € F(t) forallt >0}.

Theorem 16.9 (Strong Markov Property). If {B; :t > 0} is a Brownian motion and T is an a.s. finite
stopping time with respect to {F*(t) : t > 0}, then the process

{BT+t - BT it 2 0}
is a standard Brownian motion independent of F*(T).
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1 1
mtlgem _ p_m+l

Proof. For n € N, define T,, by T, = on o = on

Define the processes

Bi(t) = B(t + Qﬁn) - B(Zﬁn), Bi(t) = B(T, +t) — B(T},).

We will show that B;:(t) is a standard Brownian motion independent of F*(T},).
To this end, let E € F*(T,,). For every event {B;: € A}, we have

P({Bc A}NE) = iP({Bmk e A}nEN{T, =k/2"})
k=1

— iP(Bn’k € A)P(EN{T, =k/2"})

since the Markov property implies { B, ; € A} is independent of E N {T, = k/2"} € FT(k/2").

Because B,, j, is a standard Brownian motion, P(Bn_’;c € A) = P(E S A) does not depend on n or k, so

P({B:c A}NE)= ;P(Bn,k c A)P(Em (T, = k;/2”})

— iP(ﬁ € A)P(EN{T, =k/2"}) = P(B € A)P(E).
k=1
Taking E = 2 shows that B} is a standard Brownian motion, hence
P({B; € AlNE)=P({B; € AYNE)=P(B;, € A)P(E)

for all A, F, establishing the independence of B} and F*(T,,).

Now T,, \, T, so it follows from continuity that

(B(Th+ta) —B(Thp+t1),...,B(Th+tm) — B(Th +tm-1))
— (B(T+t) =BT +t1),...,B(T+tym) — B(T+tm-1)).

Since the left hand side is multivariate normal with mean zero and covariance diag (ta — t1, ..., tm — tm—1)
for all n, the right hand side is as well.
As {B(T +t)— B(T) :t > 0} is clearly a.s. continuous, we see that it is a Brownian motion.
To finish up, we need to show that {B (T +t) — B (T) : t > 0} is independent of F+(T').
This is a simple consequence of the fact that T' < T,, implies F*(T) C F*(T},)
(because AN{T, <t} = (An{T <t})N{T, <t} € Fr(t)if Ae FH(T)).
Specifically, since {B(T}, +t) — B(T}) : t > 0} is independent of F*(T},) 2 F*(T), if A € F*(T),
t1,...yty, >0, and F' € Cp, (R™,R), then continuity and the dominated convergence theorem give
E[F(B(T+t)—B(T),....B(T + t;,) — B(T)) 14]
= nlgr;oE [F(B(T,+t1)— B(Tn),.... B(Ty, + tm) — B(T))) 14]
= nlgréoE [F (B(T,, + t1) — B(Ty), ..., B(T,, + tm) — B(Ty))] P(A)
=FE[F(B(T+t)—-B®),..,B(T+ty) —B(T))]P(A).
(|
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It is easy to get bogged down in the details of these kind of arguments, but observe that the general strategy
is quite simple. Namely, we approximate T discretely from above, sum over the possible values of T,,, and

apply the ordinary Markov property, just as we did for Markov chains. The rest is just tying up loose ends.

An alternative form of Theorem 16.9 that is sometimes useful is

For any € R and any bounded measurable f : C ([0,00),R) — R, we have

E, [f({B(T+1t):t>0})|F (T)] = Epn [f ({B’(t) 1> o})}

where expectation on the right is with respect to a Brownian motion {B(t) it > O} started at B(T).

An intriguing consequence of the strong Markov property is

Theorem 16.10 (Reflection Principle). If T is an a.s. finite stopping time and {B(t) : t > 0} is a standard
Brownian motion, then the process {B*(t) : t > 0} defined by

B*(t) =B(@)1{T <t}+ (2B(T) — B(t)) 1{T > t}
is also a standard Brownian motion. (B* is called Brownian motion reflected at 7'.)

Proof. The strong Markov property implies that B(T) = {Br,; — By : t > 0} is a standard Brownian motion
which is independent of B = {B; : 0 <t < T}, hence —B") = {By — B, : t > 0} is as well.

The concatenation map which glues a continuous path {g(t) : ¢ > 0} to a finite continuous path {f(¢) : 0 <t < T}
to form the continuous path ¥ (f, g)(t) = f(£)1{0 <t < T}+(f(T) — g(0) + g(t — T)) 1 {t > T} is evidently
measurable.

Applying Up to B and BT gives the original process B, and applying Uy to B and —B(™) gives B*. The
result follows since (B, BD) =, (B, -B™)). O

It is an interesting fact that Brownian motion reflected at a random time is still a Brownian motion, but
the real beauty of this result lies in its consequences. For example, with the aid of Theorem 16.10, we can

deduce the marginal distributions of the running maximum of Brownian motion,

M) = joa, B)

Theorem 16.11. Ifa > 0, then

Py (M(t) > a) = 2P, (B(t) > a) = Py (IB()] > a).

Proof. The second equality follows from the symmetry of standard Brownian motion.
For the first, let 7' =inf {¢ > 0 : B(t) = a}, and let B*(¢) be Brownian motion reflected at 7'
Then
{M(t) > a} = {B(t) > a}|_|[{M(t) > a, B(t) < a}.
The right-hand side is a disjoint union, the second term of which coincides with {B*(¢) > a}, so Theorem
16.10 gives
Py (M(t) > a) = Py (B(t) > a) + Py (B*(t) > a) = 2P (B(t) > a). O
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Our next application of the strong Markov property concerns the zero set of Brownian motion.

First, we take a brief detour to recall a few facts from undergraduate real analysis.

Definition. A point z in a topological space (X, T) is called an isolated point of S C X if there exists some
UeT withzeUandUNS = {x}.

A point x € R is isolated from the right (with respect to S) if there is some ¢ > 0 such that (z,z+¢)NS = 0,
and is isolated from the left if there is some € > 0 such that (z —e,z) NS = 0.
x € R is isolated if and only if it is isolated from the left and from the right.

Definition. A perfect subset of a topological space (X, T) is a closed set with no isolated points.

Proposition. A perfect subset of R (with the usual metric topology) is uncountable.

Proof. We first note that if z € S and U is an open set containing x, then U N S is infinite - otherwise, the
open ball centered at x with radius %minyeUmS | — y| would intersect S only in x.

Now suppose that S can be enumerated as S = {x1,22,...}. Let U; be a bounded open set containing x;.
Then U; contains infinitely many points in S. Let k1 = 1 and ky = min{k > ky : 2, € U1 }. Let U be an
open set containing xy, such that Uy C Uy \ {@, }. Then set ks = min {k > ks : ), € Us}, let Uz be an open
set containing xy, with Us C Uz \ {z, }, and so on...

Define V =>", (U, N S). Since S and U, are closed subsets of R and U, is bounded, V is the intersection
of a nested decreasing sequence of nonempty compact sets and thus is nonempty. But, by construction,

V C S does not contain any zj, contradicting the assumption that S can be enumerated. O

Returning to Brownian motion, we have

Theorem 16.12. Let {B(t) : t > 0} be a Brownian motion and define
Zeros = {t > 0: B(t) = 0}.

Then, almost surely, Zeros is a perfect set and thus is uncountable.

Proof. Since Brownian motion is a.s. continuous, Zeros is closed with probability one. In light of the
preceding proposition, it remains only to show that Zeros almost surely has no isolated point.

To this end, we define for each nonnegative ¢ € Q, 7, = inf {t > ¢ : B(t) = 0}. Then 7, is a stopping time
which is a.s. finite by Theorem 16.6. Since Zeros is a.s. closed, P(7, € Zeros) = 1. Theorem 16.3 and
the strong Markov property applied to 7, show that, almost surely, 7, is not isolated from the right for all
g€ Qnio,o00).

We will be done if we can show that all other points in Zeros are not isolated from the left. For such ¢, take
qn "t with ¢, € Q and define ¢, = 7,,. Then ¢, < ¢, <t, sot, At hence t is not isolated from the
left. O
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Markov Processes.

At this point, we need to define precisely what we mean by a continuous time Markov process.

Definition. A function p: [0,00) x R x B — [0,1] is a Markov transition kernel on R if
(1) For all A € B, p(-,-, A) : [0,00) x R — [0,1] is a measurable function of (¢, x).
(2) For all t € [0,00), z € R, p(t, z,-) is a probability measure on (R, B).

(3) Forall Ae B,z € R, 5,t >0, p(s+t,xz,A) = /p(s,:r,dy)p(t,y,A).

Given a filtration {F(¢) : t > 0}, an adapted process {X (¢) : t > 0} is a Markov process with transition kernel
pifforallt>s>0andall A€ B,
P(X(t)e A|lF(s))=p(t—s,X(s),A) almost surely.

In words, p(t,z, A) is the probability that the process started at z will be in A at time ¢.

Theorem 16.1 shows that Brownian motion is a Markov process with respect to {F*(¢) : ¢ > 0}.

The transition kernel is

1 y—z)2
p(t,z, A) = \/%/Ae*( e dy.

That is, p(¢,x,-) is the normal distribution with mean x and variance ¢.

(The Chapman-Kolmogorov condition here is the statement that the sum of independent normals is normal.)

Likewise, if {B(t) : t > 0} is a standard Brownian motion, the reflected Brownian motion {X (t) : t > 0} given
by X (t) = |B(t)| is a Markov process (w.r.t. {FT(¢):¢> 0}) with transition kernel p(¢,z,-) the modulus
normal distribution - i.e. the law of |W| with W ~ N (z, ).

The following theorem shows that the difference of the maximum process M (¢t) = sup B(s) and the under-
0<s<t

lying Brownian motion B(t) is a reflected Brownian motion.

Theorem 16.13. Let {B(t) : t > 0} be a Brownian motion and let {M(t) : t > 0} be the running mazimum
process. Then the process {Y (t) : t > 0} given by Y (¢t) = M(t) — B(t) is a reflected Brownian motion.

Proof. Since M(0) = B(0), we can assume without loss that B(t) is a standard Brownian motion.
We proceed by fixing s > 0 and defining the processes {E(t) :t>0} and {M\(t) :t>0} by

B(t) = B(s+1t)— B(s), M(t)= Orélgté(u).

Since Y (t) is clearly FT(t)-measurable, we need only show that
P(Y(s+t)e A|Ft(s)) =p(t,Y(s),A)

for all ¢t > 0, A € B, where p(t,y, ) =L (W|), W ~ N(y,1).
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As B(t) ~ N(0,t) is independent of F*(s), this is equivalent to showing that, conditional on F*(s), Y (s+1)
has the same distribution as ’E(t) + Y(s)‘.

Writing M (s +t) = M(s) V (B(s) + M\(t)) - the max over [0, s + ¢] is the maximum of the max over [0, s]

and the max over [s, s + t] - shows that
V(s+t)=M(s+t)— B(s+1)
B(s) + J\//.T(t)ﬂ - (E(t) + B(s))
- [M(s) _ (é(t) + B(s))} v [(B(s) + 1\7(75)) - (é(t) + B(s))}
- (Y(s) - E(t)) v (M(t) - E(t))
- (Y(s) v M\(t)) — B().

We will be done if we prove that for every y > 0, (y v J/\/[\(t)> — B(t) =4

{M(s) v

/N

To see this, observe that for a > 0,
P((yv M) - B(t)>a) = P(y- B(t) >a) + P (y - B@) < a,M(t) - B(t) > a)
=P (y+B(t)>a)+P(y- B(t) <o, M(t) - B(t) > a)
since B(t) =q —B(t).
Thus equality in distribution will follow upon showing that
P (y — B(t) <a,M(t) — B(t) > a) =P (y+§(t) < —a) .

~ ~

To this end, let {W(u) : 0 < u <t} be the time reversed Brownian motion W (u) = B(t — u) — B(t)

(which was shown in the homework to be a standard Brownian motion on [0, ¢]), and set My, (¢) = OrilagtW(u).

We have

My (t) = max, (E(t ) — §(t)) — max B(u) — B(t) = M(t) — B(t)
and W (t) = —B(t), so

P (y ~ B(t) < a,M(t) - B(t) > a) = P(y+W(t) < a, My(t) > a).

Finally, let {W*(u) : 0 < u < ¢} be the process formed by reflecting W at 7, = inf {u: W(u) = a}.

The reflection principle shows that {W*(u):0 < wu <t} is a standard Brownian motion on [0,¢], hence
WH*(t) =4 —B(t).

Moreover, it is clear that {y + W (t) < a, My (t) > a} = {W*(t) > a + y}, so we end up with
P (y ~ B(t) < a,M(t) — B(t) > a) = P(y+W(t) < a,My(t) > a)
—PW'(t)za+y) =P (-B(t) 2 a+y)
:P<§(t) < fafy) :P(E(t)+y< fa),

~

(as B(t) is a continuous random variable) and the proof is complete. O
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While the foregoing establishes that {M(¢) — B(t) : t > 0} is a Markov process, {M(¢) : t > 0} clearly is not.
However, the next result shows that the process which records the times when new maxima are achieved is

Markovian.

Theorem 16.14. For a > 0, define the stopping time
T, =inf{t >0: B(t) =a}.

Then {Ta ra > O} is a Markov process with transition kernel given by the densities

2

pla,t,s) = \/ﬁ exp <_2(s—t)

Proof. Fix a > b > 0 and observe that for all ¢t > 0,

>l{s>t} for a > 0.

{T. - T, =t} ={B(T, +s) - B(T,) <a—bforall s <t} N{B(T, +t) — B(T,) =b—a}.
The strong Markov property shows that this event is independent of FT (Tb), and thus of {TC re < b}.
Therefore, {Ta ta > 0} is Markovian with respect to its natural filtration.
To compute the transition density, observe that the strong Markov property implies that T,y =4 T, — Tj

so Theorem 16.11 gives

P(T, =Ty <t) = P(Tyy < 1) = P( max B(s) > a—b)

0<s<t
2 a2 La—b _(aw?
= P(|B(t zafb:—/ e*ﬁdx:/ e % ds
N o Vo
where the final equality used the substitution z = (a — b) \/g . O

The process in Theorem 16.14 is called a stable subordinator of index %

A subordinator is a real-valued nondecreasing Lévy process - that is, a process with stationary independent

increments which is continuous in probability: for all ¢ > 0, ¢ > 0, limp_o P (| X¢4n — Xi| > €) = 0.
It is stable with index o if X (0) = 0 and the scaling relation ¢~ X (t) =4 X (1) holds for all £ > 0.
Thus, for example, standard Brownian motion is stable with index 2, but is not a subordinator.
Conversely, the Poisson process is a subordinator, but is not stable.
The process {T, : a > 0} is nondecreasing and continuous in probability by continuity of Brownian paths.
It has stationary independent increments since the transition densities are shift invariant in the sense that
pla,t,s) = p(a,0,s —t) for all a,s,t > 0.
The self-similarity is a consequence of Brownian scaling;:

T,=inf{t>0:B; =a} =a®inf {t >0: By2y = a}

=a*inf{t >0:aB; = a} = a*T}.
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17. MARTINGALE PROPERTIES

In the previous section, we were able to infer several interesting facts about Brownian motion and related

processes by appealing to the Markov property.

We will now explore Brownian motion as a (continuous time) martingale and use the opportunity to introduce

some standard concepts in the study of stochastic processes.

Definition. A real-valued process {X(t):¢ > 0} is said to be a martingale with respect to a filtration
{F(t) : t > 0} if it is adapted, integrable, and satisfies F [X (t) |F(s)] = X(s) for all 0 < s <.

It is a sub/super-martingale if the equality is replaced with an appropriate inequality.

Example 17.1. Brownian motion is clearly a martingale since for all 0 < s < ¢,
E[B(t)|F(s)] = E[(B(t) = B(s)) + B(s) | F(s)]
= E[B(t) — B(s)] + B(s) = B(s).

Before elaborating on the martingale property of Brownian motion, we will take a moment to extend some

familiar results to continuous time.

The basic strategy is to apply discrete time analogues to approximating sequences.

In order to present these results in greater generality, we need a few more definitions.
We say that a filtered probability space <Q7 FAFi} 0> P) satisfies the usual conditions if

(1) F is complete with respect to P — that is, if A € F has P(A) =0 and B C A, then B € F.
(2) Fo contains all P-null sets.
(3) {Ft}i>o is right-continuous.

Given a probability space (2, F°, P°), its completion is the space (Q,F, P) where F = o (F°UN) with
N ={ECQ:FECF for some F € F° with P°(F) =0}, and P(E) =inf {P°(F): EC F € F}.

The usual augmentation (QJ—', {Ft}iso ,P) of the filtered space (Q,]—'o’ {Fotisos Po) is formed by taking
(92, F, P) to be the completion of (Q, 7°, P°) and setting F; = (5,0 (FSUN).

All of our results in the previous section carry over without change to the augmented filtration for Brownian

motion since adding null sets doesn’t make any difference in the arguments.

The reason that we are now concerned with completeness is that many processes of interest do not enjoy the

continuity properties of Brownian motion, but we still want to be able to argue by discrete approximation.

This approach generally works for cadlag (right-continuous with left limits) processes, and we will see that

under the usual conditions, martingales have cadlag versions.

(We say that {Y; :t >0} is a version of {X;:t >0} if for all ¢ > 0, P (X; #Y;) = 0. This is a strictly
weaker notion than being indistinguishable: P (X; # Y; for some ¢t > 0) = 0, though the two coincide when

the processes are right-continuous.)
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Theorem 17.1 (Doob’s inequalities). If X, is a martingale or nonnegative submartingale with cadlag sample

paths, then

(1)

E|X
P (sup|XS > )\> < ‘/\ i for all X > 0.
s<t

P
E {sup|Xt|p] < <p) E[|X¢|?] for all 1 < p < .
s<t p_l

Proof. Since the absolue value of a martingale is a nonnegative submartingale, it suffices to consider the case

where X; > 0 is a submartingale.

kt n n
Let D, (t) = {271 0<k< 2”}, and set Yk( ) = X, gz(g ) = Fre.
Then Yk(") is clearly a discrete time submartingale with respect to g,i").

Setting A, (t) = {supsepn(t) | Xs| > )\}, it follows from Theorem 4.2 that

Y.

_ (n) ’ " EX

P(A,(t))=P (051:?;" Y, > /\> 3 ==

Since A;(t) C Ay(t) C -+ and X, is right-continuous, we have (J,, An(t) = {sup,<, |X;| > A} and thus
E |Xt|

P (supXS| > )\) = lim P (A (1) <

s<t n—oo )\

Plugging in A — ¢ for A and taking £ \, 0 gives (1).

T2 () 2 el) = (1) mon

P
Yk(")‘ /" sup,<, | X|”, and (2) follows from Fatou’s lemma. O

Similarly, Theorem 4.4 gives

v

E [ sup
0<k<2n

Right-continuity implies that supy<j<on

In a similar vein, we can prove continuous time optional stopping theorems, such as

Theorem 17.2. Suppose that {X (t) : t > 0} is a martingale with cadlag sample paths and S < T are stopping
times. If there exists some integrable random variable Y such that | X(t AT)| <Y a.s. for allt > 0, then

E[X(T)|F(S)] = X(S) a.s.

Proof. Fix N € N and define a discrete time martingale Y,, = X (T L) and stopping times S’ = LQNSJ +1
T = LQNTJ + 1. The referent filtration is taken to be G,, = (iN)

{Y,, : n € N} is clearly uniformly integrable, so, writing Sy = 2=V (LQNSJ + 1), Theorem 5.2 gives
E[X(T)|F(SN)|=FE[Yr |Gs]=Ys =X (T NSn).
Since Sy \( S as N 7 0o, dominated convergence and right-continuity show that for any A € F(S),

/X JdP = lim [ E[X(T)|F(Sy)]dP
A

= lim X(T/\SN)dP:/ lim X (T A Sy)dP = /X 0
A

N—oo [ 4 N —o0
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To wrap up our general discussion of martingales, we prove a continuous time martingale convergence theorem

and show that there is no loss in assuming cadlag paths as long as the usual conditions are satisfied.

We will use the notation D,, = {45 : k € N}, D = Unen, Pn

Theorem 17.3. Suppose that {X; :t > 0} is a submartingale with respect to some filtration {F; : t > 0}
and that sup,> F | X;| < co. Then

(1) hm X, ezists in R almost surely.
(2) Wzth probability one, X; has finite left and right limits along D.

Proof. Theorem 17.1 ensures that for all A > 0,

F|X
P( sup XtZ/\>S | n|a
]

teD,N[0,n A
so the monotone convergence theorem gives

E|X|

P (SupXt > )\) < sup
teD t>0

Since A > 0 is arbitrary, we see that {|X;| : t € D} is a.s. a bounded set.

Accordingly, the only way for (1) or (2) to fail is if there is some pair of rationals @ < b such that the number
of upcrossings of [a,b] by {X; : t € D} is infinite.

But Lemma 2.1 shows that if U, is the number of upcrossings by {X; : ¢t € D,, N [0,n]}, then

E|X,|
b—a

Taking n — oo, Fatou’s lemma shows that the number of upcrossings by {X; : t € D} has finite expectation

EU,] <

and thus is finite with full probability. The result follows since there are countably many pairs of rationals. [

The reason for taking the seemingly circuitous route through the upcrossing inequality was to establish the

second claim in Theorem 17.3. The utility of this fact lies in

Theorem 17.4. Let {F;} be a filtration satisfying the usual conditions. If X; is a martingale with respect
to {F:}, then there is a version of {X; :t > 0} which is a martingale and has cadlag paths.

Proof. Jensen’s inequality implies that | X;| is a submartingale, so F | X;| < F|X x| < oo for all t < N.
Accordingly, Theorem 17.3 shows that for any N € N, X;sn almost surely has left and right limits along D.
Since N is arbitrary, we must have that X; has left and right limits along D a.s.

Now define
Y, = lim X,

ue€D,u—tt
Then Y; has cadlag paths by construction.
Also, since {F;} is right-continuous and {X,} is adapted, Y; is F;-measurable for all ¢ > 0.

We now observe that for fixed N € N, {X; : 0 <t < N} is uniformly integrable:

Let € > 0. Since Xy is integrable, there is a § > 0 such that P(A) < ¢ implies E [Xn; A] < e. (See the proof

of Theorem 4.6 for details.)
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When M > El);NI,
EIX _ BIXxl
M - M

P(|Xi|>M)< <d
for all 0 < ¢ < N because | X¢| is a submartingale.

Since {|X:| > M} € F;, the submartingale property implies

B XXl =2 M] < E[|Xn[; | Xe| 2 M] < e
for all ¢t € [0, N], hence {X;:0<t < N} is ui.
Now let t < N. If E € F;, then the Vitali convergence theorem gives

E[Y;E|=FE { lim Xu;E} = lim FE[X,;F]=F[XysE].
ue€D,u—tt ueD,u—t+
Since Y; € F;, this proves that X; = Y; a.s.

Because N is arbitrary, we conclude that {Y; : t > 0} is a version of {X; : ¢ > 0}, and we are done since this
implies that Y; is a martingale: For s < t, E[Y;|Fs| = E[X:|Fs] = X5 =Y, almost surely. |

Now that we are comfortable with martingales in continuous time and have the foregoing results at our

disposal, we can return to Brownian motion. We begin with

Theorem 17.5 (Wald’s lemma). Let {B(t) : t > 0} be a standard Brownian motion and let T be a stopping
time with E[T] < co. Then E[B(T)] = 0.

Proof. Define
|7
My = max |B(t+ k) = BR)|, M = Mp.

Then independent increments and the fact that My, is independent of {T' > k} = {T < k}° € F*(k) yield

[T] 00 00
S M| =Y EMI{T > kY| =Y E[MP(T > k)
k=0 k=0 k=0

= E[M,] <1+§:P(T2k)> < E[My) (1+/OOP(T2t)dt> = E[My)(1+ E[T)).

k=1

The reflection principle shows that

E[Mo(t)]:/omP<max B()|>:c)dx§1+/1002P(max B(t)>x>dx

0<t<1 0<t<1

=1+2/ P(|B(1)|>x)da::1+2/oo (2/00 \/;e_sjds)dw

1—1—\/—27_/ / —e” 2dsdm—1—|——/ _2dx<oo

so E[M] < oo.
Since sup,s [B(t AT)| < M € L', Theorem 17.2 gives

E[B(T)] = E [E [B(T)|F*(0)]] = E[BO)] =0. O
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In order to compute the second moment of B(T'), we need the following results, the second of which gives
another concrete example of a continuous martingale.
Lemma 17.1. Let S < T be stopping times with E[T| < co. Then

E[B(T)?] =E[B(S)Y] +E [(B(T) - B(S))ﬂ .
Proof.
E[B(T)?] = E B [(B(T) - B(S))* + 2B(T)B(S) - B(S)* |F*(5)]]

B [(B(T) = B(S))” +2B(S) (B(T) - B(S)) + B(5)*|F*(5) |

Il
m = o

(B(T) - B(S)?] + 2B [B(S)E [B(T) - B(S) |F*(5)]] + B [B(S)?] .

Since E[T] < oo implies E [T — S|F(S)] < oo a.s., the strong Markov property at time S in conjunction
with Wald’s lemma shows that F [B(T) — B(S) |F*(S)] =0 a.s. O

Proposition 17.1. Let {B(t) :t > 0} be a Brownian motion. Then the process {B(t)? —t:t >0} is a

martingale.

Proof. B(t)? —t is clearly integrable and F 7 (t)-measurable for all t > 0, and for any 0 < s < ¢,
E[B(t)? ~t|F*(s)] = B [(B(t) — B(s))* + 2B(t)B(s) — B(s)? — t|F*(s)]
= E[(B() - B(s)*| +2B(s) [B(t) |F*(5)] - B(s)* ~ t
= (t—s)+2B(s)> — B(s)*> —t = B(s)* — s. O

We can now prove Wald’s second lemma.

Theorem 17.6. If T is a stopping time for standard Brownian motion and E[T] < oo, then
E [B(T)?] = E[T).

Proof. Consider the martingale { B(t)> — ¢ :t > 0} and define stopping times T,, = inf {t > 0 : |B(t)| = n}.
Then the process {B AT AT — (AT AT,) : t > O} is uniformly dominated by the integrable random
variable n% + T, so

Theorem 17.2 with S = 0 implies E [B (T AT,)? — (T A Tn)] —0,0r B [B (T A Tn)ﬂ = E[T AT,

Applying Lemma 17.1 to T AT}, < T shows that E [B(T)?] > E [B (T A Tn)Z], hence

E[B(T)?] > lim E [B (TATn)Q} = lim E[T AT, = E[T]

n— oo n—oo

by monotone convergence.

On the other hand, Fatou’s lemma gives
E[B(T)] =E [lim inf B (T A Tnﬂ < liminf E [B (T A Tnﬂ = liminf E[T A T,] = E[T],
n—oo n— oo n— oo

and the proof is complete. O
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A typical application of Wald’s lemmas is computing exit times and exit probabilities for Brownian motion.

For example, we have the following “gambler’s ruin” type result.

Theorem 17.7. Let {B(t) : t > 0} be a standard Brownian motion, and let Ty = inf{t > 0: B(t) € A}
denote the hitting time of a Borel set A. If a <0 <b, then T = Ty, ) satisfies

(1)

(2)
E[T] = |ab].

Proof. |B(T At)| < la|] Vb, so it follows from Theorem 17.2 that
0=FE[B(0)]=FE[B(T)]=aP(B(T)=a)+bP (B(T)=0»)
=aP(B(T)=a)+b[1 - P(B(T) = a)]
=b+(a—b)P(B(T)=na)
=b—(b+]a]) P(B(T) =a),
which gives (1).
To see that T has finite mean, observe that

B[] :/OOOP(T>t)dt§/OOOP(T> Ltj)dt:iP(T>k)

k=0
[e's) k

<14+> P (){B®) € (a,b) forall j —1<t<j}
k=1 j=1

Therefore, Wald’s second lemma implies
E[T] = E[B(T)*] = a®P(T = a) + b*P(T = b)

_ laPb . Ja]t* _ lalb(lal +b)
la]+b  Ja|+b la| + b

= |ab| . O

Proposition 17.1 showed that the process { B(t)> —¢: t > 0} is a martingale with respect to F*(t). Another

important example is given by geometric Brownian motion.

Proposition 17.2. Let {B(t) : t > 0} be a standard Brownian motion.

Then the process {exp (aB(t) — UT%) it > O} is a martingale for all o > 0.
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Proof. For 0 < s <t,
o? o2
E [exp (aB(t) - 2t> ’ ]-'*(s)} = exp (0B(s)) E [exp (0 (B(t) — B(s)))| F*(s)] exp <2t> .
Since o (B(t) — B(s)) ~ N (0,0%(t — s)) is independent of F*(s), the middle term is

7)2 — —
P g — 2?2 —20%(t — s)x

¥ ———e —_— ex dx
/_oo NI NeTe=Tom /_oo p( 2a2tfs> )
/ N (z—o? s))2 At —s)? dr — ex o%(t—s)
\/27r02 t—s) P 202@ s) TP 2 ’

B oo (o0 20) 0] = (o309 + P40 P oy m - %)

thus

The derived martingales in Propositions 17.1 and 17.2 are of the form fi(B(t),t) with fi(z,t) = 2% — ¢ and

0 102
fa(z,t) = exp (crx — —) Note that both f; and f5 solve the backward equation 8—1: = _587;;'
The following formal derivation show that under relatively mild conditions, if f solves the backward equation,
then {f (B(t),t) : t > 0} is a martingale.

2
First observe that the transition density p:(z,y) = \/21? exp (f () ) satisfies the forward equation

%
ou  10%u

. (This is the heat equation with diffusivity 3.)

ot 2042
Indeed,
o[ 1 (y—=z)*\] 1 (y —x)? 1 (y—a)?
ot Lﬁzm eXp( 2 = o P o STIAY?
and

;;2 {\/;H b (_ . ;fﬁﬂ B ;rt(’)% [_y;xeXp (_(y;tﬁﬂ

If one can justify differentiating under the integral, then

S 1 (B0 = [ 21 tm(e )] dy

—/(gtf(yvt)> pe(@,y dy+/f yt (;pt(x y)) dy.

If the following integration by parts steps are valid, then the latter integral is

/f y.t (atpf x y)dy /f Yt ( o3P, y)>dy
:_/<§yf( t)) (%pt(x,y)) dy
= %/ (any(yJ)) pe(z, y)dy.
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Putting these equations together gives

2B 0.0 = [ (5500 mtedy+ [ 50 (Gt ay

t

f(y, t)) pe(z,y)dy + % / (aa;f(% t)) p(z,y)dy

2
F:0)+ 52010 o)y =0

| |
— —
I~
o o o

t
since f satisfies the backward equation.

Finally, the Markov property shows that
B [f(B(t),t)|F*(s)] = Epes [f (B(t),t) = f (B(s),s)] + f (B(s),5) = f (B(s), )

because E, [f (B(t),t)] is constant in ¢.

An important example of the above heuristic is f(x,t) = g(z) with Ag = 0.

That is, under mild integrability assumptions, harmonic functions of Brownian motion are martingales.
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18. DONSKER’S THEOREM

Let X1, Xo,... be iid. with E[X;] =0 and Var (X;) =1, and set S, = . | X;.
We can extend the random walk S,, from Ny to [0, 0o) by linear interpolation: S(t) = S|+t — [¢]) (Sjt41) — S|t))-
Scaling diffusively gives a sequence of continuous functions S™(t) = S(nt)/+/n.

The CLT implies that the law of S™(1) converges weakly to A (0,1) = £ (B(1)) where {B(t)}iepq) 1s a

standard Brownian motion.

We will prove the stronger statement that the process {S"(t)},¢q 1 converges in distribution to {B(t)},c01-
Thus we can think of Brownian motion as the scaling limit of random walk.

Here we are viewing the processes as random variables taking values in C[0,1] (the space of continuous
functions from [0,1] to R endowed with the uniform metric), so weak convergence means that for every
bounded and continuous functional A : C[0,1] — R, lim,_,. E[A(S™)] = E [A(B)].

One approach to proving this functional CLT begins by defining {gn (t):t>0} by Sn(t) = ﬁ Z,E’:f X
Since Cov (gn(s),gn(t)) = % — s At for all s,¢ > 0, the multivariate CLT shows that for any

teno b >0, (§n(t1)7 y .7§n(tm)> = (B(t1), ..., B(tm)) as n — .

nt—|nt|

\/ﬁ
50— Su(0)] > ¢) = P (\ (") Ky
_ (nt —[nt])*

Linear interpolation yields the continuous process S™(t) = Sy (t) + (

P

) X|nt]+1, and we have that

2
> 2

1
2
B[Xt| <m0

ne?
so Slutsky’s theorem shows that the finite dimensional distributions of {S"(#)},, converge weakly to those

of Brownian motion.
One can then deduce weak convergence of the processes by demonstrating tightness.

Making this argument rigorous involves more analysis than probability, so we’ll pursue an alternative ap-
proach based on Skorokhod embedding.

Theorem 18.1 (Skorokhod’s embedding theorem). If X is a random variable with mean zero and finite
variance, then there is a stopping time T for {F*(t)},5, such that B(T) =q X and E[T] = E [X?].

Note that if X is supported on {a,b} with a < 0 < b, then the mean zero condition implies that
b —a

—, P(X=0b) = .

b—a’ ( ) b—a

Letting T = T, , = inf {t : B(t) ¢ (a,b)}, Theorem 17.7 shows that B(T) =4 X and E[T] = —ab= E [X?].

P(X=a)=

We can use this observation to prove Theorem 18.1 by considering an appropriate martingale.

Definition. A martingale {XH}ZOIO is binary splitting if whenever xg,...,x, € R is such that the event
A(zo,...,xn) ={Xo = z0o,...,X,, = x,} has positive probability, then conditional on A (zg,...,z,), Xnt1

is supported on at most two values.
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Lemma 18.1. If X is a random variable on (Q, F, P) with E [X2] < 00, then there is a binary splitting
martingale {X,} with X, — X a.s. and in L2

1, X>X
Proof. Set Gy = {0,Q}, Xo = E[X], and & = ?  Define Gn, Xn, &, recursively by G, =
—17 X < XO
1, X>X,
0(507---56'@—1): Xn:E[X|gn]>§n: .
1, X<X,
Then G, is generated by a partition P,, of  into 2" events, each of which can be expressed as A(xo, ..., Z,).

As each element in P, is a union of two events in P,, 11, we see that {X,,} is binary splitting.

Also, Lévy’s Forward Theorem gives X,, — E [X |G ] a.s. where Goo =0 (U,, Gn)-

Since X is square-integrable and E [X?Z] = E {E (X |gn}2] < E[E[X?|G,]] = E[X?] for all n, it follows
from Theorem 4.5 that X,, converges to Xoo = F'[X |G ] in L? as well.

We’ll be done upon showing that X., = X a.s. To see that this is so, we observe that
lim &, (X — X,) =|X — X| as.
n—o0

Indeed, if X(w) = Xoo(w), then this is clearly true. If X(w) > X (w), then X(w) > X, (w) for all
sufficiently large n, so &,(w) = 1 eventually and the equality holds. Similarly, if X(w) < X (w), then
&n(w) = —1 eventually.

Since &, € Gy, we see that F [, (X — X)) = E[{.E[X — X, |Gr]] = 0 for all n.
As |6 (X — Xp)| < | Xu| + | X] € | Xoo| + 1+ |X]| for large n, the DCT implies E | X — Xo| = 0. O

Skorokhod’s embedding theorem is a simple consequence of the above observations.

Proof of Theorem 18.1. Let {X,,} be a binary splitting martingale which converges to X a.s. and in L2.
We know that if X is supported on {a,b} for a < 0 < b, then T, = inf{t > 0: B(t) ¢ (a,b)} gives the
requisite stopping time.

Since, conditional on A(xo,...,z,—1), X, is supported on two such values, we can find Ty <77 < --- such
that B(T,) =4 X, and E[T,] = E [X2].

As T, is increasing, there is some stopping time T with T,, — T a.s. and
_ . o . 2 _ 2
E[T) = nlLH;OE [T,.] = nhﬂn;OE [Xn] =F [X ]

by dominated convergence.

Finally, B(T;,) converges in distribution to X by construction, and B(T;,) converges a.s. to B(T') by continuity
of Brownian paths, so we have B(T') =; X as required. a

Now that we have Skorokhod embedding at our disposal, we are ready to start proving

Theorem 18.2 (Donsker’s invariance principle). On the space CI0,1], the sequence {S™} converges in

distribution to a standard Brownian motion.

The basic idea of the proof is to construct the random variables X7, X5,... on the same probability space
as the Brownian motion in such a way that {S™} is close to a scaling of the Brownian motion with high

probability.
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Lemma 18.2. Suppose that {B(t) : t > 0} is a standard Brownian motion. Then for any random variable
X with mean zero and variance one, there exists a sequence of stopping times 0 =Ty < Ty < Ty < --- with
respect to {FT(t)} such that

(1) The sequence of random variables {B(T,)} ", has the distribution of the random walk whose incre-
ments are distributed as X.

(2) For all € > 0, the sequence of functions {S™} ~, constructed from this random walk satisfies

B(nt> > €> = 0.

NG
Proof. By Skorokhod embedding, we can find a stopping time T} for {F*(t)} with E[T}] = E [X?] =1 and
B(T)) =4 X.

lim P ( sup —S"(t)

n—oo 0<t<1

The strong Markov property shows that {B(Ty +t) — B(T1) : t > 0} is a standard Brownian motion which
is independent of F*+(7T1) and thus of (T3, B(T})).

Accordingly, we can find T3 with E[T3] = 1 and B(T3) =4 X. Setting T = T1 + T4, we see that E [Tp] =
E [T+ E[Tj] =2 and B(Ty) = (B(Th + T3) — B(T1)) + B(T1), which is distributed as the second step in a

random walk with increment distribution .Z(X).

Continuing inductively gives a sequence Ty < T} < Ty < --- where E[T,,] = n and S, = B(T,) is the

embedded random walk.

To prove the second claim, write W,,(t) = %’? and define A,, = {|W,,(t) — S"™(t)| > ¢ for some ¢ € [0,1]}.
We must show that P(A,,) — 0.

k=1 k
n ’'n

Let k = k(t) be the unique integer with % <t< % Since S™ is linear on [
A, C Wn(t)fi > ¢ for some t € [0, 1] U Wi (t) — Sk—1
- T , NG

Using Sy, = B(Ty) = /nW,, (T /n), we see that A, is contained in

) , we have

> ¢ for some t € [0, 1]}

Ay = {|[W,(t) = Wy, (T, /n)| > € for some ¢ € [0, 1]} U {IW,,(t) = Wy, (T)/n)| > € for some ¢ € [0,1]}.

Now for any fixed 0 < § < 1, A} is contained in

T,
L
n

Tk

{|{Wn(t) — Wy, (s)| > € for some s,t € [0,2] with |s —¢] <} U{

’\/’ t‘zéforsomete[(),l]}.

Since W,,(t) = B\(/T%t) =4 B(t), the probability of the first of these events is independent of n, and sample

path continuity ensures that we can choose d small enough to make this probability as small as we wish.

Thus we will be done upon showing that for any 0 < § < 1,

T; Ty—
P(k k-1

n
To prove this, we note that the strong law implies

n

t‘ > § for some t € [0, 1]> — 0.

n

. T, .1
nh_)ngo o= nh_}rréo - ; (T — Tp—1) =1 aus.

because the random variables T} = T}, — Tj_1 are i.i.d. with mean 1.
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lar—k|

Now observe that any sequence of reals with €= — 1 must satisfy sup — 0.

0<k<n

* Given € > 0, we can choose N so that |“7“ — 1’ < ¢ for n > N, and then choose M > N so that

maxXo<k<N |“’€n_k’ < g for n > M. Thus when n > M, we have

akfk: akfk akfk k ar
max = max V max < eV max f‘—71‘<6.
0<k<n n 0<k<N n N<k<n n N<k<nmn | k
Accordingly, we see that
T, — k
limP(sup k ‘25)0.

Because % <t< %, whenever n > 2/6, we have

T Th(t)—
p(‘k(t)t‘\/‘k(t)lt‘ zéforsometG[O,l])
n n

T, — (k-1 Th_1 —
1<k<n n n

T, — k ) Th1— (k-1 )
1<k<n| T 2 1<k<n n 2

We are now able to give the

Proof of Theorem 18.2. Choose Ty <717 < --- as in Lemma 18.2 and note that Proposition 14.3 shows that

the random functions W,, € C[0,1] given by W, (¢t) = %

For any closed set K C C[0,1], if we let denote its e-neighborhood by

are standard Brownian motions.

Kl ={feC[0,1] : ||f — g|| <€ for some g € K},
then it is clear that

P(S, e K)<P(W,eKle])+ P(|Sn — Wa| >¢)
=P(BeK[e])+ P(||Sn — Wy >¢) = P(B € K[e])
where B is a standard Brownian motion.
Since K is closed,
. 1
lim P (B € K[e]) = P (B eNK M) = P(B € K).

neN
Therefore, limsup,,_,, P (S, € K) < P(B € K), showing that S,, = B by the Portmanteau theorem. [

One of the main uses of Donsker’s theorem and the Skorokhod embedding theorem is to translate results
about random walks into results about Brownian motions and conversely. Standard examples of this sort of

reasoning are given by the arcsine laws and the law of the iterated logarithm.

For instance, the law of the iterated logarithm is easier to prove in the continuous setting of Brownian

motion, and one derives the corresponding statement for random walk by embedding S,, in B.
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Similarly, it is straightforward to prove the arcsine law for the last zero of Brownian motion, and then one
can invoke Donsker’s theorem to get the analogous statement for random walk. Conversely, combinatorial
considerations make it relatively easy to prove an arcsine law for the time simple random walk spends above
the z-axis, and one can use Donsker to get the statement about positive times of Brownian motion.
Moreover, Donsker’s theorem is an invariance principle, meaning that the statement does not depend on the
particulars of the increment distribution. Thus one can prove a result for simple random walk, use Donsker
to establish its analogue for Brownian motion, and then convert it back to a result about random walk with
arbitrary mean 0 variance 1 increments.

The following two examples are among the simplest illustrations of this line of reasoning.

Example 18.1. Let X3, X5,... be i.i.d. with E[X;] =0 and E [X%] =1, and set S, = > ;1 _; Xk
Define 5™ (t) = S(nt)/y/n with S(t) = S|y + (t — [t]) (Sp+1) — S|¢)) as before.
Let h : R — R be bounded and continuous, and define A, : C[0,1] — R by An(f) = h(f(1)). Then
SUP feci0,1] IAL(f)] < [|h]|and if f, — f in C[0,1], then Ay (fn) = h(fn(1)) = R (f(1)) = An(f), hence Ay,
is a bounded, continuous functional.
It follows from Theorem 18.2 that
S’ﬂ n n

B[ (Z2)] - Einsm @) = Blan (7] = Bl () = B (B

Since h € Cy(R) was arbitrary and B(1) ~ N(0,1), we have just proved the CLT!

Example 18.2. In the setting of the preceding example, let M, = 013}32( Sk
SKESN

Suppose that i : R — R is bounded and continuous and define I'y, : C[0,1] — R by T'y(f) = h(orélaiclf(x))

As before, it is clear that I'j, is continuous and bounded.

Since S(t) is the linear interpolation of S,,, we have

= [ (s ) | = [ (e )|

Also, E[I'y, (B)] = F {h(orggng(t))] and max B(t) =4 |B(1)| by Theorem 16.11, so Donsker’s theorem

0<t<1
implies

i 1 (22)] = Jim £ (5M] = B0 )] = BB

n—00 \/ﬁ n— o0
Thus the definition of weak convergence in terms of distribution functions shows that

lim P (M, >zy/n) =P (|B(1)| >z) = \/z/oo e 7 dt.

n—00
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HOMEWORK 1

(1) Show that if X =Y on B € G, then E[X |G] = E[Y |G] a.s. on B.

(2) Suppose X > 0 and E[X] = co. Show that there is a unique ¥ € G with 0 <Y < 0o so that
/ XdP:/ YdP for all A €g.
A A

(Hint: Consider X,, = X An.)

(3) Prove the following conditional limit theorems.
(a) Fatou: If X7, X, ... are nonnegative, then E [liminf, X, |G| < liminf, E'[X,, |G] a.s.

(b) DCT: If X,, — X a.s. and there is an integrable Z with |X,,| < |Z|, then E[X,, |G] — E[X |G]

a.s.
(4) Give an example on 2 = {a,b,c} in which E [E[X |Fi]||F2] # E[E[X |F2]|F1].

(5) Suppose that G; C Gy and E[X?] < co. Show that

B |(X - BIX[62))*] < B |(X - E[X]6,])°].

(6) Suppose that E[X?] < oo, and define Var (X |G) = E[X?|G] — E[X |G]?. Show that

Var(X) = F [Var (X |G)] + Var (E[X |G]) .

(7) Show that if E[X |G] =Y and E[X?] = E[Y?] < oo, then X =Y a.s.
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(8) Suppose that X and Y have joint density f(z,y) > 0. Let

_ Ju flay)de
H A =

Show that u(Y (w), A) is a r.c.d. for X given o(Y').

(9) Suppose that X and Y take values in a nice space (S,S) and G = o(Y). Show that there is a function
p:S xS —[0,1] such that

(1) For each A, p (Y (w), A) is a version of P(X € A|G).

(i) For a.e. w, A — p(Y(w), A) is a probability measure on (5,S).
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(1)

(10)

HOMEWORK 2

Let X, be the position of simple random walk on Z at time n. That is, X,, = Y ;_; & where
&1,&, ... are iid. with P(§ =1) = P(§ = —1) = 1. Show that M,, = X3 — 3nX,, is a martingale
wrt. Fp =081, &n)-

Suppose that &1, &, ... are independent with E[¢;] = 0 and E[¢?] = 07 < oo, and set S, = > &,

s2 =3""  o? Show that S — s2? is a martingale w.r.t. F,, = (&1, ..., &)

Give an example of a (nonconstant) submartingale X,, such that X2 is a supermartingale. Give an

example of a martingale X,, with X,, — —o0 a.s.

Let (Q, F, P) be [0, 1) with the Borel sets and Lebesgue measure. Let F,, = o ({ [, &) :j = 1,...,2"})

o 3w
and define X,, = 2"1jg5-»). Show that {X,} is a (nonnegative) martingale w.r.t. {F,}. Does X,

converge in L'?

Suppose X! and X2 are supermartingales with respect to JF,, and N is a stopping time with
X% > X3, Show that V,, = X1 {N > n} + X21 {N < n} is a supermartingale

Let X,, be a martingale with X = 0 and E[X?2] < co. Show that for all A > 0

EX7]

P X, > < — 0
(s, 2 2) < el

1<m<n

(Hint: For any ¢ € R, (X,, + ¢)? is a submartingale.)

Let ¢ > 0 be any function with @ — o0 as ¢ — oo. Show that E[p (| X;|)] < C foralli e I

implies {X;}ies is uniformly integrable.

Let &,&, ... be iid. with P(& = 1) = P(& = —1) = 1, and set X,, = Z%. Show that X,
k=1
converges to an integrable random variable X with probability one. In other words, the random

harmonic series is a.s. convergent.

Suppose that X7, Xo,... are i.i.d. picks from a density f which is either equal to fy or fi, both
of which are strictly positive on R. Show that under the null hypothesis f = fy, the test statistic

n
X.
An = H fl( Z) converges a.s. as n — oQ.
i=1

L fo(X0)

Let Z1,Z5,... be i.i.d. standard normals, and let # be an independent random variable with finite
mean. Set Y, = Z, + 0. In statistical terms, we have a sample from a normal population with
unknown mean. The distribution of 6 is called the prior distribution and P(0 € -|Y1,...,Y, ) is
called the posterior distribution after n observations. Show that E[f|Y1,...,Y,] — 6 a.s. (The Bayes
estimate is consistent.)
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(1)

(2)

HOMEWORK 3

Show that if F, / Fao and Y, — Y in L', then E[Y, |F,,] — E[Y |Foo] in L.

Give an example of a submartingale {X,,} with sup,, E'|X,+1 — X,| < oo and a stopping time N
with E[N] < oo such that {X,An} is not uniformly integrable.

Compute the expected number of tosses of a fair coin until the first occurrence of the patterns
THHTT, TTHHT, and THTHT, respectively.

Let M = {f; : S — R},;cr be a family of bounded functions which is closed under multiplication, and
let C = o(f; : i € I) be the smallest o-algebra on S that makes all of the f;’s measurable. Suppose

that H is a vector space of bounded R-valued functions on S satisfying

(4) MCH
€] 1eH
(4i1) If h: S — R is bounded and there is a sequence of nonnegative functions in ‘H that increase

pointwise to h, then h € H.

Show that H contains all bounded functions which are measurable with respect to C.

Suppose that S is a countable set and p : S x S — [0, 1] satisfies ), o p(s,t) = 1 for all s € S. A
random mapping representation of p is a function f : S x A — 5, along with a A-valued random
variable Z, satisfying P(f(s,Z) =t) = p(s,t) for all s,t € S.

(a) Give a random mapping representation for simple random walk on Z.

(b) Show that if (f, Z) is a random mapping representation for p, Z, Zs, ... are i.i.d. with distribu-
tion Z(Z), and Xy ~ p, then the sequence Xo, X1, ... defined by Xy = f(Xy—1,Z;) for k € N

is a Markov chain with transition function p and initial distribution pu.

¢) Show that every Markov chain on a countable state space has a random mapping representation.
g
Hint: Let Z ~ U(0,1) and consider the array F; , = I _ p(s;, S;) where p is the transition
J k=1

function and {si, s2, ...} is an enumeration of the state space.)
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(6)

Give an example of a Markov chain X, on a countable state space S and a measurable function g on
S such that g(X,,) is not a Markov chain. Can you give any conditions on {X,} and g which ensure
that g(X,,) is a Markov chain?

Let S={0,1} and p = Lma o . Use induction to show that
g 1-p
_o=_7 ) B
R =0) = 2ot i a- oy ooy - 2]

Consider the following process: Two animals are mated and among their direct descendants two
individuals of opposite sex are selected at random. These individuals are mated and the process
continues. Suppose that each individual can be of one of three genotypes, AA, Aa, aa, and suppose
that the type of offspring is determined by selecting a letter from each parent. With these rules, the
pair of genotypes in the nth generation is a Markov chain with six states,

(AA, AA), (AA, Aa), (AA, aa), (Aa, Aa), (Aa, aa), (aa, aa).

Compute its transition probability.

Let p be the transition matrix for simple random walk on the n-cycle (X = Xi_1 + & (modn)
where £, &, ... are iid. with P(§ = 1) = P(§ = —1) = 1) for n odd. Find the smallest value of r
so that p®(x,y) > 0 for all s > r and all z,y € Z/nZ. What if n is even?
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HOMEWORK 4

Unless otherwise noted, X,, is a Markov chain with countable state space S and transition probability p, and
TR =inf{n > 0: X,, € R}, 7y, = 1
Tgr = inf{n >1:X, € R}7 T, = T{y}.

(1) Show that for any x € S, k € N,

n n+k
Z Po(Xpy =) > Z Po(Xp = ).
m=0 m=k

(2) Suppose that C C S with S\ C finite. Show that if P,(7¢ < o0) > 0 for each x € S\ C, then there
exist N < oo, € > 0 such that Py(r¢ > kN) < (1 —¢)f forally € S, k € N.

(3) Suppose that A,B C S with AN B =, S\ (AU B) finite, and P,(Taup < o0) > 0 for all
x € S\ (AUB). Let h(x) = Py(14 < TB).

(a) Show that
(¥) h(z) = Zp(a;y)h(y) for x ¢ AUB.

Y
(b) Show that if & is any bounded function satisfying (x), then h (X, ar,, ;) iS & martingale.

(c) Conclude that h(z) = P,(7a < 7p) is the unique solution to () that is 1 on A and 0 on B.

(4) fissaid to be superharmonic if f(x) > Zy p(z,y) f(y), or equivalently, if f(X,,) is a supermartingale.
Suppose p is irreducible. Prove that p is recurrent if and only if every nonnegative superharmonic

function is constant.

(5) Suppose that p is irreducible and has a stationary distribution 7. Define the time reversal of X,, to

be the chain )~(n with transition probabilities

Sy = TP, )
p( 7y) - 7T(.’L‘) .

Show that 7 is stationary for )~(n, and for any zg,...,x; € S, we have

P‘IT(XO = Zo, "'7Xt = xt) = PTI'(XO = Tty -y jzt = IO)'

(6) We say that a state x is essential if p,, > 0 implies p,, > 0. Otherwise, z is called inessential. Show

that if 7 is a stationary distribution, then 7(y) = 0 for all inessential states y.
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(7)

(8)

(10)

(11)

(12)

Suppose that p is irreducible and positive recurrent. Show that E,[T,] < oo for all z,y € S.

Suppose that p is irreducible and has a stationary measure p with ) pu(x) = oo. Show that p is

not positive recurrent.

Give an example of a Markov chain with state space S and subsets B, C' C S such that B is irreducible

but not closed and C' is closed but not irreducible.

Suppose that p is irreducible and let v be any probability on S. Show that the transition function
ple.y) (FEE A1) vre
1= . ple,2) (% A 1) YT

defines a reversible Markov chain with stationary distribution v.

q(z,y) =

Compute the expected number of moves it takes a knight to return to its initial position if it starts
on the corner of a chessboard, assuming that there are no other pieces on the board and that each
time it chooses a move at random from its legal moves.

(Consult the internet for any questions about chess.)

Consider the following Markov chain on Z. When the current state is ¢ > 0, the chain moves to i — 1
with probability p and to i + 1 with probability ¢ = 1 —p < p. When the current state is 7 < 0, the
next state is j + 1 with probability p and j — 1 with probability g. From 0, the chain moves to £1
with equal probability. Compute the stationary distribution of this chain.
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HOMEWORK 5

Show that the state space of an irreducible Markov chain with period k can be uniquely decomposed
as S = S U---USk where P(X,,11 € Sj41|X, €5;) =1 (with the sums in the S indices taken
mod k). Moreover, S cannot be partitioned into more than k sets having this relationship.

Suppose that p is a probability on a finite group G with support ¥ = {g € G : u(g) > 0}.

The (right-invariant) random walk on G driven by u has transition probabilities p(g, h) = u(hg™1).
We have seen that this chain is irreducible precisely when ¥ generates G. Assuming irreducibility,
show that the walk is aperiodic if and only if ¥ is not contained in a coset of a proper normal
subgroup of G.

(By definition, the period is the greatest common divisor of {m : e = s, - - - s1 for some s1,...,8, € X}

where e denotes the identity in G).

Show that if © and v are probabilities on a countable set S and we define w on S x S by

w(z,2) = minfu(z), v(2)},

(n(x) — ( z)) (w(y) —w(y,y))
=2, w(22) ’

then (X,Y) ~ w is a coupling of 1 and v with P(X #Y) = ||u — v|| ;-

w(xay) =

Let p be a transition probability for a Markov chain with countable state space S and stationary
distribution 7. We write up® for the distribution of X; when Xy ~ u, and p!, for the distribution of
X; when Xy = z. Let P be the collection of probability measures on S. Show that

t _ t
@) sup [|p" =7l = sup [lph = 7l -
() sup o =2yl > suplpl =y -

)
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()

Let p and v be probabilities on a countable set S and suppose that p is a transition probability for

a chain with state space S. Prove that

lep = vplipy < llw=vipy -

In particular, this shows that if 7 is a stationary distribution for p, then ||p§6“r1 — 7THTV <|lp} = 7|y

Lazy random walk on the n-cycle is defined by p(z,z) = %, p(z,z + 1) = p(z,z — 1) = 1 where all
additions are modulo n. As an irreducible random walk on a finite group, the stationary distribution,

7, is uniform on Z/nZ.

Set Xy = x, Yy = y and define Xy, Y} as follows: Let Uy, Us, ... and Vi, Vs, ... be i.i.d. uniform on
{—1,1}, independent of each other. While Xy_1 # Yj_1, if Uy = 1, set X = X1 + Vi (mod n),
Yi = Vi1, and if Uy = =1, set Xy = Xp—1, Y = Y1 + Vi (mod n). If Xp_1 = Yi_1, set
Xy =Ye = X1+ £ (Ui, +1) Vi (mod n).

In words, at each time step, we flip a fair coin to decide whether to move the first chain or the second
according to ordinary simple random walk on the cycle. Once the two chains meet, they couple and
evolve together ever after.

Use the coupling lemma and Exercise 4 to show that ||pl, — 7|/, < £ whenever t > cn?.

Consider the following method of shuffling a deck of n cards: At each stage, choose a card uniformly
at random and place it at the top of the deck. Use a coupling argument to show that the deck is

completely mixed once every card has been chosen at least once. Conclude that the mixing time is
O (nlog(n)).

Suppose that X and Y are independent normals with mean 0 and variance o2. Show that X + Y
and X — Y are independent normals with mean 0 and variance 202.

(Hint: The standard Gaussian distribution is rotationally invariant.)
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HOMEWORK 5.5

(1) Let (2, F, P,T) be a probability preserving dynamical system. Recall that an event A € F is called
invariant if the symmetric difference of A and T—!A has probability zero. A random variable X is
invariant if X o T = X a.s.

Show that Z = {A € F : A is invariant} is a sub-o-field of F, and X is measurable with respect to

7 if and only if X is invariant.

(2) Show that T is ergodic if and only if for every A € F with P(A) > 0, we have | J,_ T "A = Q
(up to null sets).

(3) Show that T is ergodic if and only if for every A, B € F with P(A), P(B) > 0, there is a j € N such
that P(ANT~7B) >0

(4) Let (Q, F,P) be [0,1) with the Borel sets and Lebesgue measure. We saw in class that if d € N,
then the map T 2 = dx (mod 1) is probability preserving (and ergodic).
Show that that if § = 1+2\/5, then Tgar = Bx (mod 1) does not preserve Lebesgue measure, but does
preserve the probability @) defined by

0<z< B!
*1§x<1'

aB) = | gyt it g(x):{ i

1
W, B

(Hint: f~'=3-1, 82 =8+1, and {[0,a) : a € [0,1)} generates F.)

(5) Let (Q,F, P,T) be a probability preserving dynamical system. Show that 7" is ergodic if and only if

n—1
Y PUNT*V) = PU)PV)
k=0

1
n

forall U,V € F.

(6) Show that if f € LP, 1 < p < oo, then 1 f* — E[f |Z] in LP.
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HOMEWORK 6

(1) Let {By}+>0 be astandard Brownian motion and let ¢ < 0 < b. Define T'(x,y) = inf {¢t > 0: B, € {z,y}}.
Show that E[T'(a,b)] = a®E [T (1, 2)], hence the expected exit time from a symmetric interval [—b, b]

is a constant multiple of b2.

(2) Suppose that {B;}ie[o,7) is @ Brownian motion on [0,7]. Show that the time reversed process

{Br_t — Br}iejo,1) is a standard Brownian motion on [0, T].

(3) Using the Lévy construction of Brownian motion given in class, show that if f : [0,1] — R is

continuous with f(0) =0 and {B(t) : ¢ > 0} is a standard Brownian motion, then for any ¢ > 0,

P ( sup |B(t) — f(1)] < e> > 0.

0<t<1

(4) Let {B;};>0 be a standard Brownian motion. Prove that

|Bt_BS|

sup =00 a.s.
o<s<t<1 [t—s|7
whenever v > %
Consider a (not necessarily nested) sequence of partitions 0 = t(n) tm <™ — ¢ with mesh
1 k(n)

converging to 0.

(a) Show that
BLUS Z ( ( (")) (t§-’1>1))2 s tin L%

(We say that Brownian motion has quadratic variation VE(;Q)(t) =t)

2
(b) Show that if the sequence of partitions satisfies Y -, Zf(:%) (t§") —t;ﬁ):L) < oo, then the

convergence in part (a) is almost sure.

(An example is partitioning [0, 1] with tg-") =4, j=0,1,..,k(n) =2")

B (t§")) - B (t;@l)‘ — 00 a.s.
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(6) A standard Brownian bridge is a Gaussian process {X (¢) : 0 < ¢ < 1} with continuous paths, mean
0 and covariance Cov (X (s), X (t) =)s(1 —t) for 0 < s <t < 1. If {B(t):t > 0} is a standard
Brownian motion, verify that the following processes are Brownian bridges.

(a) Xi(t) = B(t) — tB(1)

(b) Xa(t) = (1= 0B () Lo (1)

(7) Let {B(t) : t > 0} be a standard Brownian motion and let 7' be a stopping time with E[T] < oo.
Define a sequence of stopping times by 73 = T, T,, = T(B,,)+1,,—1 where T(B,,) is the same function
as T but associated with the Brownian motion B,,(t) = B(t + Ty,—1) — B(Tp—1).

(a) Show that lim,, o B(
(b) Show that B(T') is integrable.

(¢) Show that lim,_,eo 2% = E[B(T)]. (Combined with (a), this gives Wald’s lemma.)

n
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